Prelim PDEs — August 2023

Problem 1:
Let © be a smooth bounded domain in R"® and f € C°(R — R) strictly increasing.
Consider the boundary value problem

Au= f(u) in
uw(z) + a(x)dyu(x) = g(x) on 0N

—~

*)

where a and g are continuous functions on  and a@ > 0. Assume u € C?(Q) N C1(Q)
is a solution.

(a) Show: The solution of the BVP (*) is unique.

(b) Assuming F' to be an antiderivative of f, show: u solves the BVP if and only if
u minimizes the functional

= 1 U2 u T 1 1 u\xr) — X 2 X
Ml = [ GIVuP + P de+ 5 [ —(ula) o) as

among all u € C?(Q) N C1(Q) satisfying the BC.

Problem 2:

Consider the problem

ut—i-uuw:u—%a:

u(z,0) = g(z) .
(a) Write a formula for the characteristic curves (¢(7), z(7), 2(7)).

(b) Characterize all functions g that give rise to a global classical solution (i.e., u €
CHR x R).)

Problem 3:
Prove: If e* is harmonic in R”, then v is constant.

Problem 4:
Let © be a bounded smooth domain in R™. For this problem, we may use the following
version of the weak mazimum principle without proof:

Suppose that T > 0, and u € C?(Q x [0,T]) is a solution to

ur — Au+c(z,t)u <0 in Q x (0,7)
5}
8—3 =0 ndQx(0,T),

u(z,0) <0, x€Q,

where for cg > 0, c(x,t) > —cp, and v is the outward unit normal to OSQ.
Then u < 0 in Q x [0,T].



Suppose that u € C?(2 x [0, 00)) is solution to the initial-Neumann problem

up — Au = f(u) in Q x (0,00)
ou .
@—0 in 09 x (0, c0),

u(z,0) =g(z), =x€Q

where f(u) = u(1—u)(1+u) and g € C°(Q). For a given constant vy, denote by v(t; vp)
the solution to the initial value problem

dv
ar — W (ODE)
v(0) = vp,

(a) Show that
v(t;m) <u(z,t) <o(t; M), V(z,t) € Q x [0,00)
where m = ming g and M = maxgyg

(b) Show that if g(z) > 0, for all x € Q, then lim;_,o u(z,t) = 1 uniformly for x € €.
[Hint: What can you say about the behavior of the solution of (ODE) if vy > 07]

Problem 5:

Consider the following 1d diffusion equation with a nonlinear term
up — bugy + a(ug)? =0 b > 0, and a # 0 constant. (%)

(a) Show that the transformation v(z,t) = ¢~ +“(®! transforms the nonlinear equa-
tion () into
v — bugy = 0.
(b) Apply part (a) to find an explicit formula for a solution of the initial value problem

up — bugy +a(uy)?> =0, t>0,z€R  (for b>0and a #0)
u(:c,O) = g(x),

Give a condition on the solution w that implies its uniqueness.

Question 6:
For k = 1,2 let g, 1, be smooth compactly supported functions defined on R, and
assume that uy is the solution to the wave equation

Uy — a*uge = f in R x (0,00)



that satisfies
u(z,0) = gp(z) and w(x,0) =Y(x) for z€R

where a > 0 is a fixed number and f : R x [0,00) is a given smooth function. Prove
that for every € > 0 and T > 0, there is > 0 such that if

) 1/2
sup ¢1(2) — pa()] <6 and (/ \wl(x)—w(a:)y?dx) <5

zeR _

then

sup  |uy(z,t) —ug(x,t)| <e.
z€R,t€(0,T]

Question 7:
Let ¢ : R?* x R — R be a continuous function, and ¢ : R> — R be a function such that
@ =0 on Bj. Assume that u is a smooth solution of the nonlinear wave equation

ugy — Au + c(x, t)|Vul? +u® =0 in R3 x (0, 00)
that satisfies the initial data
u(z,0) = p(z), w(z,0)=0 =R
Prove that u = 0 in the cone
K ={(z,t) e Rx[0,00):0<t<1,|x| <1-t}

Here B, is the ball in R3 with radius p > 0 and centered at the origin.



PDE Preliminary Exam, January 2022

There are 7 problems in this exam. Do all of them.

1. Suppose that f(z) is smooth and nonnecgative

u + zu, = —u?,  (z,1t) € R x (0,00)

u(z,0) = f(x)
(a) Write a formula for the solution u and discuss the behavior of u(z,t) as t — oo.

(b) If f(z) >0on 0 <z < 1and f(z) = 0 elsewhere, plot the region in the (z,t)-planc
where the (weak) solution u(z,t) > 0.

2. For r > 0, let B, = B,(0) € R™. Suppose that u € C*(B;) N C(B;) such that Au > 0 in
B,. For ¢ >0, xy € 0B and a > 2n + 1 let

h (z) = u(z) —u(zg) + ti(e_"“lﬁ"'Z —e ), zebB

(a) Let D = By \ By, and prove that Ah(x) > 0 for all z € D.

(b) Suppose that u(x) < u(zg) for all x € B, \ {7¢}. Prove that there exists ¢y > 0 such
that
max h.(z) = h(zo), Ve € (0,¢),

xel)
and then conclude that 5
ou
—(zg) > 2ce€e™ @
ov

where v is the outward normal vector on 0B, at xy.

3. For B; = B1(0) C R", suppose that the functions a, f € C'(B,) and g € C'(0B;). Suppose
also that a(x) > 0 for all z € B;. Prove that there is at most one solution v € C*(By) N
C(B,) of

—a(z)Au(z) + (1 — |z[Hu(z) = f(z) for =z € B
u(z) = g(z) for =z €0DB.

Note: the function a may not be differentiable in B;.



Let fe Cy°(R"), b € R and consider

1
u=Au—z-Vu+ (b+ L—L|:r:|2)’u, on R™ x (0, 00)
u=f onR"xt=0

Prove that the equation has a solution u € C*'(R™ x (0,00)) N C°(R™ x [0, 00)) satisfying:
for some ¢, a,r,tg >0, |u(z,7)| < ce " holds for all |z| > r, 0 < t < t,.

- : T ]_
(Hint: Show that g(z,t) = ¢ 7 [P (+3) golves the system g, —Ag+ (b+ Z|T|2)G‘ = (. What
IVP does v = gu solve?)

Suppose Q2 C R" is open, bounded, 9Q € C=, T > 0. Let f € C*(R), f(0) = f(1) =0,

f'(u) > 0foru < 0andu > 1. Let also g € C*(Q) with 0 < g < 1 on Q. For Qp = Qx (0,7,

supposce now that u € C*' () N C°(Qy) is a solution of

u, = Au+ |Vu|> —u  on Qr,

@ + f(u) =0 on Jf) x (01 T] 3
v

u(z,0) = g(z) forz e .

(a) Prove that 0 <wu <1 on Q.

(b) If g is nonconstant on €2, prove that 0 < u < 1 on Q.
Consider the initial value problem

wy(z,t) — Au(z,t) = g(z)e!  (z) € R x R,
u(z,0) =0, zecR3,
w(r,0) =0, z€R’

where ¢ is smooth with g(z) = 0 for |z| > r > 0 for some fixed r. Show that there is a

function v(z) such that for cach z € R?,

u(z,t) —v(z)e' =0, ast— oo.

= yl?

1 oo ,_T p
Hint: Use for a fact (without proof) v(z) = () / f S S K; q(y)dydr solves
) Jo B3 T

—Av +v(x) = gq(x) for + € R®. Prove that that for any z € R®, (1 + |2|)(Jv(z + 2)| +
|Vu(z + 2)

) — 0 as |z| = oo.



7. Suppose that  is a bounded C'-domain in R", f € C'(Q x [0,00)), ¢ € C*(Q), ¢ € C(Q)

are given, and u € C*(Q x [0,00)) solves the initial/boundary-value problem

uy —Au=f in Q x (0,00),
(IBVP) u(z,0) = ¢(x),w(z,0) =P(z), = el

ou

—(z,t) =0, on 9Q x (0,00).
ov

(a) Show that for any ¢ > 0
2 2 1/2 2 2 12 o
(e Dy + 1700, D) < (Wl + IV lEiey) 4 | G 5) oo

(b) Show that (IVBP) has at most onc C*(Q x [0, 00)) solution.
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1. Suppose that g is a smooth function on R and consider the initial value problem

e Uy + Uy = u
u(z,0) = g(z).

Write a formula for the solution. Find the domain of definition of the solution.

2. Let By(0) C R", a ball centered at the origin with radius 2 and define the operator

Lu:=Au+b-Vu+ (4 — |z)u,

where b = (by, b, - -+, b,) is a given vector of smooth functions on B(0). Suppose that

for some A\ > 4 the function u € C?(By(0)) satisfies

Lu = Au in By(0)
(1) ou

6_11 =0 on 832(0)

(a) Show that for large 1 > 0 the function v(z) = e " — =47 satisfies the inequality

Lv > Xv in By(0) \ B1(0)
v=0 on dBy(0)
v>0 ondB;(0).

(b) Prove that the solution u of (1) cannot attain its positive maximum in Bs(0).

(c) Prove that the solution u of (1) can have no positive maximum in By(0). [Hint:
If ©y € 0B3(0) such that u(xg) > 0 is a mazximum of u, then for appropriately
chosen small € work with the function w = u+ ev — u(xg) on By(0) \ B1(0) where
v is as in part (a).]

(d) Conclude that the solution u of (1) is identically 0.

1



3. Suppose that u is harmonic on R™ and B;(0) represents the unit ball. For any ¢t > 0

define
Yy
It—/ uw(ty)u [ =) dS,.
0= utn(])as,

Show that [ is a constant function.

4. Let a,vy be positive numbers, § € R and b € R” be given. Consider the Cauchy
problem
) aug +b - Vu+ fu=~vAu in R" x (0, 00),

u(z,0) = g(x), onR"

where ¢ is compactly supported smooth function.

(a) Find &, € R and a € R" so that v(x,t) = e"u(ux + at, t) solves
vy =Av in R" x (0, 00),
v(z,0) = g(ux) on R".

(b) Write down an explicit formula for a solution u(z,t) of (2).

5. Let Q be a bounded domain in R™, ¢ be continuous in Q x [0, 7] with ¢ > —¢ for
a nonnegative constant ¢y, and ug be continuous in  with uy > 0. Suppose that
f : R — R is continuous and zf(z) < 0 for all z € R. Suppose that u € C*(Q x
(0,T]) NC(Q x [0,T]) is a solution of

u — Au+cu=uf(u) in Q x (0,7
u(-,0) =up on Q
u=0 on 9 x (0,7]

Prove that
0 <u(z,t) <e®supuy, forall (z,t) € Q x (0,7).
Q

Hint: For the lower bound work on w = uwe ™ for a suitable choice of a constant M.



6. Let © be a bounded smooth domain. For given smooth functions V(z) and h(z) in €,
consider the equation

uy — Au+V(z)u=h(z)u®, z€Q,t>0
U(ZL‘,O) = f($)7 ut(as,O) = g(l’) z €
ou

|z)?u + e 0, z €.

(a) Show that if V/(z) > —a for some a > 0 and any = € Q and there is a solution
u € C?(Q2 x [0,00)), then it is unique.

(b) In the event f =0 and h < 0, if u € C*(Q x [0,00)) is a solution, show that for
allt >0

/ (uf + [Vul> + V(z)u®) dz < / g*dx.
Q

Q

7. Consider the equation

Ut — Au = —u, (.’L’,y,t) S RQ X (Oa OO)
u(z,y,0) =0, (z,y)€R?
u(z,y,0) = h(z,y), (z,y) € R

where £ is a smooth function defined on R%. Find a formula for the solution u(z,y,t).
Hint: Introduce v(x,y,z,t) = cos(z)u(x,y,t) defined on R® x (0,00) and notice that
u(z,y,t) =v(x,y,0,t).
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1. Let Q = R?\ {(0,0)}. Consider the first-order p.d.e.

2,2 _ 02
uy +u, =u” on )

satisfying u = 1 on 22 +9? = 1. Prove that there exist exactly two solutions
u € CHQ). Also find lir%u(a:,y), r= (22 +y?)V/2
r—r

2. Let 0 < Ry < Ry, Q= {z = (71,22) € R?: Ry < |z| < Ro}, |z|* =
2?2 + 22, Suppose u € C?(Q) N C°(N) satisfies Au > 0 on Q. Denote
M(r) = sup u for Ry <r < Ry. Prove

|z|=r
M(r) < [M(Ry)In(Ry/r) + M(Ry)In(r/Ry)] (In(Rz/Ry))™*

for r € [Ry, Ra].
Hint: Consider an auxiliary harmonic function v(r).

3. Suppose Q C R" is open and bounded. Assume by, ...,b, € C*(Q2) and
let Lu = Au+ Y1 bi(z)uy,. Suppose u € C3() satisfies Lu = 0 on Q.
Define v = v?, w = [Dul> =Y ;_;u2 on Q.

Prove

(a) Lv = 2|Du|? on Q.

(b) For some M > 0, Lw > 2|H|* — M|Du|? on ; here the Hessian H =

[ul“kl“i]’ |]J|2 = ZZk:I ng%
(c) For some A > 0, L(Av+w) > 0 on Q, and for some C' > 0

[ Dul|poo () < C(|[Dul| Lo a0) + [ull Lo a0))-

4. Let Q C R™ be open and bounded, ug € C°(Q), g € C°(R), a(z,t) €
CHQ % [0,T]), a>0on Q x [0,T]. Assume u € C?(Q x [0,T7]) solves

ur = div(a(x, t)Vu) + g(u)|Vu| on  x [0,T]

with initial condition u(x,0) = ug(z) for z € €, and boundary condition
u(z,t) = 0 for (z,t) € 9 x [0,T]. Prove that |u(x,t)| < max |ug| for all
Q

(z,t) € Q x [0,T].

5. Let u be the bounded solution to the initial value problem

ug = Au on R™ x [0,00)



with initial condition u(+,0) = ug where ug is bounded on R" and satisfies, for
some o € (0,1) and C > 0, |up(x)—up(y)| < Clx—yl|%, x,y € R". Prove that
there exists a constant C > 0 such that |u(z,t) —u(z, s)| < C1|t*/? — s*/2|
for all z € R”, s,t > 0.

6. Let f : R? — R be a function such that for every R > 0 there exists
N = N(R) > 0 such that

|f(s,t)] < N(|s| +|t]) for all (s,t) € R?, |s| + |t| <R.

Let u be a smooth compactly supported solution of the nonlinear wave
equation
ug — Au+ f(u,ug) =0 on R x (0, 00).

Assune that there is 2o € R3 and tg > 0 such that
u(z,0) = uy(z,0) =0 for all x € B(xo, to)

(B(wo, tp) is the open ball in R3 with radius ¢y and centered at z). Prove
that u = 0 in the cone K (xo,tp) defined by

K(zo,to) = {(z,t) e R*: 0 < t < tg, |z — xo| < to—t}.

Hint: One may consider the energy function e(t) = 1 fB(mo to—t) (u? +|Vul?+
u?) dux.

7. Let g : R — R be defined by g(x) =1if |z| <1, g(z) =0 if |z| > 1. Use
d’Alembert’s formula to find the solution u of the wave equation

Ut — Uz =0 on R x (0,00)

with u(z,0) = 22 and w(z,0) = g(z), * € R. Show that u is not differen-
tiable with respect to the variable ¢ at (zg,t9) = (0,1).
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1. Let Q = {(z,t) : x > 0, t > 0}. Assume f € C*°(Q2), f has bounded
support and f =0 on {t = 0}. Suppose u € C%(Q) is a solution of

ut + uy +u = f(x,t) on Q,

u=0 on {x=0}U{t=0}

(a) For each t > 0, prove that u(-,¢) has bounded support.
(b) For each ¢t > 0, prove

00 t 00
/ u? dr < / es_t/ f2(x,s) dz ds.
0 0 0

(c) Prove there exists K > 0 such that [;°uf do < Ke™" for all ¢ > 0.

2. Let a >0, Q= (-1,1) x (—a,a) C R Suppose u € C*(Q) N C%Q) is a
solution of
Au=—-1 on ©, u=0 on 99.

Using the functions v(z,y) = (1 — 2%)(a® — 4?), w(x,y) = 2 — 2? — u (or

constant multiples of them), find positive bounds C(a) and C(a) such that

Ci(a) <u(0,0) < Co(a).

3. Suppose  C R™ (n > 3) is open, bounded with C*°-smooth boundary
0. Let u € C%(Q) N C°(Q) be a solution of

~Aw*)=u on Q, u=0 on 9.

(a) Using the Green’s function show there exists a constant C' > 0 depending
only on €2, but not on the solution, such that [, [u(z)|* dz < C, and sup |u| <
Q

C.

(b) Show that, if u > 0 on 2, then either, u=0o0n Q or u> 0 on .

(c) Let v be the eigenfunction corresponding to the first (least) eigenvalue
Aof —Av=2Xv on§, v=0 on dQ (recall v >0 on Q). Show that, if
u > v, then u? > %v.



(d) Assuming also u® € C1(Q), prove [, |V(u?)* dz = C; [qu® dz < Co
where C7, Cs depend only on €2, not on u.

4. Let up : R™ — R be smooth and compactly supported, and
m= uo(y) dy.
Rn

Let u be a solution of the Cauchy problem
ug—Au=0 on R" x (0,00),

u(z,0) = ug(z) = €R",

with |u(z,t)| < Ae* for some fixed A,a > 0 and all (z.t) € R™ x (0, 00).
Prove that there is a constant N depending only on n such that

N
sup [u(e.t) ~ m B, )| < 2 [ Jylluo(w)] dy. for all ¢ 0,
zER™ t—=2 JRn

||

where ®(z,t) = Wef?.

5. Let u be a smooth function on Bj x [0,1] that satisfies the equation
ap uy —bg Au+u=1 on By x (0,1),

u=1 on 9B; x (0,1),
u(z,0) =1 x € By,
where ag, by : By x [0,1] — [0, 0) are given continuous functions (By = unit

ball in R™). Prove that u < 1 on By x [0, 1].

6. Assume that 2 C R" is an open, bounded set with C*°-smooth boundary
0Q. Let T >0, Q7 =Q x (0,T]. Suppose a € C1(2), a >00n Q, ¢,9 €
C?(9Q). Suppose u € C%(Qr) is a solution of

uy — a(x)Au = u? on Qr,

% =0 on 00 x [0,T],

u=¢, us=1 on Qx {t=0}.

Prove that u is unique.

7. Assume ¢ € C%(R) and h, € C'(R). Consider the initial-value problem
with u € C?(R x [0, 00))

Ut — Uy = h(z —t) on R x [0, 00), (1)



(a) Find a solution of the p.d.e. in (1).
(b) Find a solution of (1) and (2).
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Question 1: Let g : R — R be a smooth function. Find solutions of the following initial-value
problem in R?
1
Uy + (1 +2%)uy —u=0 with wu(z, gac?’) = g(x).

Question 2: Let h: R — R be a smooth function. Consider the following equation in R?
Uy + yuy = 2u  with  u(z,0) = h(x).

(a) Check that the line {y = 0} is characteristic at each point and find all h satisfying the
compatibility condition on {y = 0}.

(b) For h as compatible in (a), solve the PDE.

Question 3: Let ¢ be smooth, compactly supported function defined in the unit ball By C R"
such that ¢ = 1 on By 5, where B/, C R" is the ball of radius 1/2 centered at the origin. Suppose
that v is harmonic in Bj.

(a) Prove that there is @ > 0 depending only on n and sup |A¢| and sup |[V¢| such that

A(P*|Vul> +au?) >0 in By,

(b) Use part (a) and the maximum principle to conclude that there is a constant C' > 0 depending
only on n, ¢ such that
sup |[Vu| < C'sup |ul.

1/2 1

Question 4: Let B; C R? be the unit ball with boundary B;. Let f,c € C(B;) and g € C(dBy).
Assume that c(z,y) > 0 for all (x,y) € By. Prove that there exists at most one C?-solution to the
following equation

—x2um—y2uyy—l—c(x,y)u = f in By
U = g on OBj.

Question 5: Let ag be a smooth and compactly supported function defined on R™ and pg € (1, 00).

Consider the following Cauchy problem

u—Au = [ufo"ly  in R x (0,00) (1)
u(z,0) = ao(x) z € R".

Define the scaling
ux(z,t) = Nu(hz, \2t), A >0.

(a) Find B (possibly depending on n,pg) so that if u is a solution of (1), then w) is also a solution
(1) (with appropriate scaled initial data ap)).

(b) Recall that the LP-norm is defined by

p
Hu(vt)HLp(]R”) = (/]R "LL({E,t)’pdl') y» D€ [1700)
For 8 found in a), find p so that if u is a solution of (1) then

(-, N8) || ey = lJun(, )] Lorn)
for all A > 0 and for all ¢ > 0.
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Question 6: Let us denote R2 =R x (0,00) and By = By NR?%, where B; is the unit ball in R?.
Assume that u = u(x,y,t) is a smooth function defined on B x [0, 1] and satisfying

Ut — Y* gy + uyy] +uy +u <0 for (x,y) € Bf and te(0,1),

where o > 0 is a given number. Assume that u(z,y,0) < 0, and that v < 0 on (0B1 NR?%) x (0,1),
where 0B; denotes the boundary of By. Prove that

w<0 on B; x[0,1].

Note: We are not given any information on the boundary data on the part of the boundary where
y = 0.

Question 7: Let u;(z) and ug(x) be smooth functions whose supports are in the unit ball B; C R".
For each zy € R™ and each ty > 0, let C(xg,ty) be the cone defined by

C(zo,to) = {(z,t) : 0 <t <ty, |z—xo| <tog—1t}
Assume that u € C? is the solution of the equation
ug —Au=0 in R" x (0,00)
with given initial data u(z,0) = u;(x) and u(z,0) = ua(z).

Give the proof for the finite propagation speed result for the wave equation, namely uv = 0 on
C(zo, to) for all xg € R™ with |zg| > 1 and ¢ = |xg| — 1.

Question 8: Let u be a smooth solution of the equation
ug —Au=f on R3x (0,00)

with u(-,0) = u¢(-,0) = 0. Also, let v be a smooth solution of the equation
v —Av=g on R3x (0,00)

with v(-,0) = v(+,0) = 0. Assume that |f|?> < g. Prove that 2u(z,t)? < t?v(x,t) for all z € R? and
t>0.
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Question 1: Solve the Cauchy problem
{xur—yuy:u—y, x>0,y >0,
u(y®,y) =y, y > 0.

Question 2: Let a, R be positive numbers and consider the equation

ug +auy = f(x,t), 0<z<R, t>0,
u(0,t) =0, t>0,
u(z,0) =0, 0<z<R.

Prove that for each solution u(z,t) € C1((0, R) x (0,00)) we have
R t rR
/ u?(z,t)dz < et/ / f2(x, s)dxds, Y t>0.
0 0 Jo

Question 3: Let r > 0 and let f,g be continuous functions defined on B,(0). Let u be in
C?(B,(0)) N C(B,(0)) be the solution of the equation

—Au = f, B,(0),
{ u =g, 0B,(0).

Prove that

1 1 1
u(0) :Jéw 9IS @) S /w [mn—? - ] fle)dz.

Hint: Consider
o(s) :][ u(y)dS, 0<s<r.
8B4 (0)

Compute ¢'(s) and then find ¢(0).

Question 4: Let R > 0 and we denote Bpr the ball of radius R centered at the origin in R™.

Let ¢, f be continuous functions on Bg. Assume that ¢ < 0 on Bpg, and also assume that
u € C?(Br) N C(BR) satsifies

Au+cu = f in Bg,
U = 0 on ODBg.

Prove that )

R
suplu] < 5 su |

Br " By
Hint: Let A =supg, |f| and

_AR?

o() = S (R — [af)

Use the maximum principle to prove that |u(x)| < v(z) on Bg.
Question 5: Let ug be the smooth and compactly supported function defined on R™. Assume
that w is a solution of the Cauchy problem

u—Au = 0 in R" x (0,00)
u(z,0) = wup(z) z € R".
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Let p,q € (1,00) with p > ¢ and consider the inequality

N
u( )l rrny < thuoHLq(Rn)» t>0

with N = N(n,p,q) and a = a(n, p, q), where we denote

ety ) oy = ( /| !u(:c,t)\pdx) ’

and similar notation is also used for |lug||pa(gn)-
Use the scaling property of the heat equation to find the number « (certainly, show all of the work).

Question 6: Assume that u is a smooth, bounded solution of the equation

u—Au = u(l—u) in By x (0,1]
u = on 0By x (0,1]

u = on B x {0}.

= O

Prove that 0 < u < 1.

Question 7: Let ¢ be a smooth, compactly supported function on R?. Assume that u is a
smooth solution of
ug —Au = 0 in R? x (0,00),
u(,0) = 0 on R2,
u(+,0) = ¢ on R2.

Prove that .

< — .
u(e, 0] < 5 (el + IVelnas ), Vi1

Question 8: Assume that u € C2(R" x [0,00)) is a solution of the wave equation

upgp = Au in R"™ x (0,00).

Let
1
B(t) = 2/ [lwalar, O + [Vu(w, )] defor t € (0,1),
B¢
where Vu = (ug,, Ugy, -+ , Uy, ) and B, denotes the ball in R” with radius » > 0 and centered at
the origin.

(a) Prove that

E'(t) = /Bl_t [ut(x,t)utt(x,t) + zn:umluzlt} dx

=1
- /a o [0+ va Plase)

(b) Use the note that

[uwiut} - = Ug,; Ug;t + Ug;z; Utt-
1

to prove that E’(¢t) < 0. Then, conclude also that u =0 on {(z,t): |z| <1—t, 0 <¢<1}if
u(x,0) = ug(z,0) =0 for x € By.
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Question 1: For z > 0, consider the equation:

uuz+2muf,=0 in R?
u(z,0) = 3 for z > 0.

For tg,t1 > 0 with tg # t1, let Co be the characteristic passing through the point (¢g,0,1/%)
and let C; be the characteristic passing through (¢;,0,1/¢;). Determine whether the pro-
jections of Cp and C; onto the z-y plane intersect for some y > 0 (i.e., whether a shock
develops), and if they do, find the point (z,y) of intersection.

Question 2: Given a bounded domain 2 in R", let & be the solution to
Ah=-1 in Q, h=0 on 99Q.

Let a > 0 be a constant.
Prove: If there exists a function u > 0 that satisfies the equation

Au=~ in Q, u=a on 0N,

then a > /maxg h.

Hint: Prove u < a. Then prove a better upper bound for u.

uestion 3:
(a) Suppose f : R — R is continuous, bounded, and even (that is, f(~z) = f(z) for all
z € R). Suppose u = u(z, t) € C}(RZ) N C(R?) satisfies

u(z,0) = f(z) for z € R,

Ut = Uy for z e R,0 <t < oo,
[u(z,t)| < Ke®*® for z € R,0 < t < 00,

for some positive constants K and a. Prove that for each ¢ > 0, u(z,t) is an even function of
z: i.e., u(—z,t) = u(z,t) for all t > 0.

(b) Assume f : [0,00) — R is continuous and bounded. For z > 0 and ¢ > 0, suppose
u = u(z,t) € C%([0,00) x [0,00)) satisfies

Ut = Ugg for 0<z<x,0<t< oo,
u(z,0) = f(x) for 0 < z < o0,
uz(0,8) =0 for 0<t< o

lu(z,t)| < Kedl®* for z € Ry,0 < t < oo,

for some positive constants K and a. Here (0, t) is interpreted as the z-derivative of » from
the right at (0,¢). Find a function H = H(z,y,t) such that

w(z,t) = /0 " Hz,y,0)f() dy,

and justify your answer.
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Question 4: Consider the nonlinear PDE
u—Au+ud=0, zeR3 teR.

1. Assume that u is smooth and has compact support in x for each t. What is the energy
expression

B() = [ ofu e, Vu)da
R
which is conserved, i.e., E'(t) = 0?

2. For any a > 0, and zp € R3, denote by
E(t) = / q(u, ut, Vu)dz
Ba(x0)

the energy contained in the ball of radius oo > 0 centered at zo. Show that for any
T>0anda>0,
Ea(T) < Ea+T(0)

Hint: Work with the ’energy’ R

B(t) = / o(u, ue, Vu)da
Bra-t(x0)

3. Given a > 0, show that if u(z,0) = u(z,0) = 0 for |z| > a, then u(z,t) = 0 for all
lz| > a+t,¢>0.

Question 5: Let B be the unit ball in R and let u € C®(B x [0, 00)) satisfy

u—Au+u’2=0 on B x (0,00)
0<u on B x (0,00)
u=0 on 0B x (0,00).

(a) Show that, if u|i=, = 0, then u = 0 for ¢ > ¢ as well.

(b) Prove that there is a number T depending only on M := max ;o such that u = 0 on
B x (T, 00).

Hint: Let v be the solution of the IVP,

dv 1
— T = =
— e+t =0, o(0)=M,

and consider the function w = v — u.

Question 6:
(a) Find a C? solution in Rt x R 3 (z,y) to:
1

(b) Explain why this solution is not unique as a solution in C1(R* x R), but its restriction
to some appropriate open set U containing the initial curve {1} x R is unique in C1(U).

2
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Question 7: Suppose f,g € C®(R™). Suppose u € C*}(R™ x [0, 00)) satisfies
U = Au, (z,t) € R™ x (0, 00),
u(z,0) = f(z), z€R",
w(z,0) = g(z), = €R™.

Prove that
/ u(z,t)dz = Cit + Ca,
mn

for all ¢ > 0, where C1 = [pn g() dz and Cz = [ f(z) dz, under either of the two conditions:

(i) n=3, fgs|f(@)|dz < o0, [ps |Vf(x)|dx < o0, and fs |9(z)|dz < o0; or
(i) » €N, and f and g have compact support.

Question 8: Let u € C?(R") be a subharmonic function and consider the spherical averages
v(r) = f u(z) dS(z) .
8B.(0)

(a) Show that the function z — v(|z|) is also subharmonic in R, and that r = r*~1¢/(r) is
monotonic.

(b) Now let n =2. Prove that, if u is also bounded, then u is a constant.
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Instruction:

Solve all eight problems. Begin your answer to each question on a separate sheet. Explain
all your steps.

1. A smooth function u defined in the first quadrant on the xy—plane satisfies
ou ou |

+z— = —2u, u(z,0) = z.

Determine (0, y).

2. Suppose that u(z,t) is a smooth solution of

Uy +uu, =0 forxeR,t>0
u(z,0) = f(z), forzeR

Assume that f is a C! function such that

0 forz<-1 ,
f(a:)—{1 forz> 1 and f'(z) > 0, for |z| < 1.

(a) Sketch the characteristics emanating from (xo, 0) for several values of zy < —1,z9 €
(-1,1),and 2o > 1.

(b) Show that for ¢ > 0,

0 forz<0
lim u(rz,7t) =< z/t for0<z <t
r—>C0

1 forz>t

3. Suppose that for all 7 > 2, there exists a function u, : R® — R that is continuous and

satisfies —
Au =0 in B.(0)\ B(0)

u(r)=0 for|z| >~
u(z) =1, for z € By(0).

(a) Show that for all z € R3, if 2 <, < 79, then

0 < up(z) Supm(z) <1
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(b) Show that .
i. w(z) = lim,_,c u,r(z) is harmonic on R3\ B, (0)

[Hint: noting that ﬁ is harmonic, study u,(z) — ﬁ over an annulus./

4. Denote by R} = {x = (X,z,) : 2, > 0}, £ = {x = (x,z,) : z, = 0}.

Suppose that u is harmonic in R, continuous on R} U X, and » = 0 on X. Define

u(z',z,) for z, >0,

w2, x,) = {

—u(z,—z,) forz, <O

Then show that @ is harmonic in R”®.

. Let 2 C R™ be a C* bounded domain. Assume that up € C*(R), a € C([0,00)), and
limg—,o0 a(t) < 0. Suppose also u € C%(Q2 x [0, 00)) satisfies

u = Au+a(t)u on Q x (0,00),
u=0 on dQ x (0,c0),
u=u Nx{t=0}
Prove that
Jim ﬂu,z(:z:,t)d:z =0
(Hint: Use the Energy method. You may apply Poincaré’s inequality.)

. Let Q C R™ be a C* bounded domain, T" > 0, and a € R" is a given vector. Suppose
u € C?(2 x [0,T) satisfies

w=Au+a-Vu+u? onx (0,7,
u=0 on 80 x (0,7,
u=0 Qx{t=0}

Prove that

(8) >0, 0n 2 x (0,7,
(b) u: = 0o0n 2 x (0,7].
(Hint: What equation does u; solve? )
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7. Let  C R" be a C* bounded domain and let T > 0. Suppose V = V(z) and h = h(z)
are continuous functions on £, with V(z) > 0. Suppose u = u(z,t) € C*{Q x [0, TY]),
where z € 2 and ¢ € [0, T), and u satisfies

uy — Du + V(z)u=h(z) on Qx(0,T);

u(z,0) = on {;
ut(x’ 0) on {2,
u= —Dﬁu on 92 x (0,T),

where Dzu is the outward normal derivative of u on 9.
(2) Prove that [, h(z)u(z,t)dz > 0 for all ¢ > 0.
Hint: Consider '

E(t) = %/uf + |Vu? + Vu? — 2hudx 41 U 2 do,
a

2

where do is surface measure on OS).

(b) Suppose in addition that V(z) > A and |h(z)| < B, for all z € Q, for some
constants A > 0 and B > 0. Prove that

/lu(:vt |dr < ——

for all ¢t > 0, where || = [, dz is the measure of 2.

2B|SZ|

Hint: Start by writing [, lu|dx = [ %‘1 dz, and apply Cauchy Schwartz.

8. Suppose u € C*(R™ x [0, 00)) is a solution of
uy = Au on R” x (0, 00);
u(z,0) = f(z) onR™ :
w(z,0) = g(r) on R,

where f,g € C*(R") have compact support: there exists R > 0 such that f(z) =0
and g(z) = 0 if |z] > R. Consider the statement:

(S): For all such f,g and R, and all zo € R*, there exists T = T(xo, R) > 0 such that
w(Zo,t) =0 for allt > T.

(a) Is (S) true if n = 1? Either prove (8) or give an example showing that S fails.

(b) Is (S) true if n = 37 Either prove (8) or give an example showing that S fails.
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1. For a given continuous function f, solve the initial-boundary value problem

u + (r 4+ 1)*u, =2, forx>0t>0
u(z,0) = f(z), >0
u(0,t) =—-1+t, t>0.
Find a condition on f so that the solution u(x,t) is continuous on the first quadrant
of R?, i.e. the region {(z,t) € R*:z > 0,¢ > 0}.
2. Determine an integral (weak) solution to the Burger’s equation

1

Uy + (§u2)x =0, (z,t) € R x(0,00)
with initial data
1 ifx<O
w(z,0)=< 11—z f0<z<l1
0 ifzx>1.

3. Let n > 2, and let Q C R™ be a bounded domain with C°*°-smooth boundary. Suppose
p and g are non-negative continuous functions defined on 2, satisfying p(z) + ¢(z) > 0
(strict inequality) for all z € . Find all functions v € C*(Q) satisfying

Au=pu®+qu on Q,
g—z:() on 0f2,

where n(z) is the outward unit normal to Q at x € 9€.

4. Suppose u is harmonic on a C* domain 2 C R", and let u(x) = 0 for z ¢ ). Suppose
¢ is a C'* function on R™ such that p(z) = 0 if |x| > 1, and ¢ is radial: there exists a
function ¢q : [0, 00) — R such that ¢(z) = ¢o(|x|). For e > 0, let

)= e (7).

Let
A:/ o(z) dz.

Fix zp € Q and let R > 0 be such that z € Q if |z — 29| < R. For 0 < ¢ < R, prove
that

e * u(xg) = Au(zy),
where * denotes convolution: by definition, f* g(x) = [5. f(z —y)g(y) dy.



5. Suppose that b € R”, and § € R are given. Consider the Cauchy problem

) {ut—l—b~Vu+ﬂu:Au, in R" x (0, 00)

u(z,0) = f(z), onR"™

(a) Determine a € R™ and a € R such that if u is a smooth solution to (), then
v(x,t) = e~ @@ty (1 1) solves the Cauchy problem

vy = Av, in R" x (0,00)
v(z,0) = e_%'xf(x), on R".

(b) Write down an explicit formula for a solution u(z,t) to (*).

6. Let €2 C R™ a bounded domain with smooth boundary, and 7" > 0. Denote the cylinder
Qp = Q x (0,7] and its parabolic boundary 0,7 = (02 x [0,T]) U (€2 x {0}).

(a) Prove the following version of the maximum principle. Suppose that u and v are
two functions in C?*(Qr) such that

wu— Au < v, —Av in Qp

u<v on d,0r.

Then v < v in Q.

(b) Suppose that f(x,t), uo(z) and ¢(x,t) are continuous functions in their respective
domains. Let u € C%(Qr) satisfy

u—Au=e""— f(x,t), inQr
u‘t:[) = Up, in Q

U|89x(0,T) = ¢.

Let a = || f|| 1 and b = sup{||uo| e, || }-

i. Show that —(aT + b) < u(x,t), for all (x,t) € Q.
Hint: Introduce v(z,t) = —(at + b) and use part a).

ii. Prove u(z,t) < T e+ +aT +b, for all (z,t) € Qr



7. Suppose that f € C*(R) is odd and 2—periodic (i.e. f(zx +2) = f(z) for all x € R).
Let u € C*([0,1] x R) solve
Uy — Ugy = sin(mz) in (0,1) x R
u(r,0) = f(x), w(x,0)=0, xel01]
u(0,t) =0=wu(l,t), teR.

(a) Prove uniqueness of the solution u € C?([0,1] x R).

(b) Find the solution u, and show that it satisfies u(x,t+2) = u(z,t), and u(z, —t) =
u(z,t) for all (z,t) € [0,1] x R.

8. Assume that 2 C R" is open, bounded with C"*°-smooth boundary 9f). Let T' > 0,

and denote Qr =  x (0,T]. Suppose also that f € C'(R"*?), ¢,4» € C*(Q), and
u € C%*(Qr) is a solution of

uy — Au = f(u, u, Vu), in Qp

u=q¢, u =1, on 2 x {t = 0},

0

a_z =0, ondQx[0,T].
Prove that u is unique.

Hint: You may use an energy function of the form

1
E(t) = 5 /Q(wt2 + [Vw]? + w?)dzx.
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1.) Consider the PDE, for z € R and y € R:
(%) 2yu, + uy = ul,
u(z,0) = f(z),

for some C? function f.

(a) Show that (*) has a solution that exists for all z € R and all y > 0 if and only
if f(t) <OforallteR.

(b) Show that if (*) has a solution for all (z,y) € R?, then f(t) = 0 for all ¢ and
u is identically 0.

2.) Suppose n > 2, R > 0, B(0,R) C R", and u : B(0,R) — R satisfies u €

C(B(0, R)), u is harmonic on B(0, R), and u > 0 on B(0, R).
(a) Prove that

(R - |])R"2
(R + [z])»

for all z € B(0, R).

. (B+]a)R

u(0) < u(z) < WU(O),

(b) Prove that
(2n + 2)R™!

|uz, (2)] < E=Ja)

u(0),

forx € B(0,R) and j =1,2,...,n.

3.) Suppose n > 3, and 2 C R™ is a C* bounded domain. Let

1
(2 — nJwn|z|"-2’

[(z) =

for z € R™\ {0}, be the fundamental solution for the Laplacian on R™. Let G(z,y) be
the Green'’s function for the Laplacian on Q (i.e., G(z,y) = h(z,y) + ['(z — y), where,
for each = € §, h(z,y) is a harmonic function of y on Q, and h(z,y) = —I'(z — y) for
z € Q and y € Q). You can assume that G € C}(Q x Q\ {(z,) € Ax Q: z =y}).
Prove that I'(zx — y) < G(z,y) < 0, for (z,y) € ? x Q with z # y.
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4.) Let @ C R™ be a bounded C* domain and suppose T > 0. Let Qr = Q x (0, T].
Suppose u € C2(Qr) N C(Qr) satisfies

u(z,t) = e7*[1 + sin(|z|?)], for (z,t) € 90 x [0, T,

uy = ADu+ |Vul? —u(u - 1)(u - 2), for (z,t) € Qr,
u(z,0) = 1 + sin(|z|?), for z € Q.

Prove that 0 < u < 2 on Qr.

5.) Suppose g = g(z,t) € C}R%™), where £ € R™ and ¢t > 0, and suppose g
has compact support. Suppose u € CZ(R}*!) N C(RTH!) satisfies, for some positive
constants K and a,

u(z,0) =0 for z € R™,

us — Au = g(z,t) for z € R",t € (0,00),
lu(z,t)| < Ke*kl for £ € R" ¢ € [0, 00).

Suppose p > n/2 and M = maxy»o [g. |9(z, )| dz. Prove that there exists a constant
C, depending only on n and p, such that

|u(z, t)| < CMYPL "%,

for all (z,t) € R},

6.) Suppose f : R® — R is harmonic, and g : R® — R is C®. Suppose u €
C%(R3 x [0, 00)) satisfies

uy = Au, zeR3 t>0
u(z,0) = f(z), z€R?,
'U:g(m, 0) = g(fL’), TE Q.

(a) Prove that

lu(z,t)| < |f(@)|+ sup |g(y)|
y€B(0,1)

forzreR3and 0<t < 1.

(b) Prove that

3
47Tt2 B(=

lu(z, )] < |f(z)] + , loty)ldy + — , 1Vg(y)l dy,

47t B(z

forzeR3andt > 1.
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7.) Let n > 2, let @ C R" be a C*™ bounded domain, and let T > 0. Suppose
h= (hi, ha, ..., hyn), where each component h; = h;(z,t) : Q x [0,T] — R satisfies
hj € C(Q x [0,T]). Suppose f, g : 2 — R are continuous. Show that there is at most
one function u = u(z,t) € C*(Q x [0, T]) satisfying

utt=Au+Vu-l-i, zeN, 0<t<T
u =0, zed, 0<t<T,
u(z,0) = f(z), z €9,

u(z,0) = g(z), z € Q.
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In the following, unless otherwise stated,  C R™ is an open, bounded set
with C*-smooth boundary 9Q. Denote Qr = Q x (0, T.

1. Let @ = {(z,%) : ¢ € R,t > 0} and assume ug,vp € C(R). Suppose
u,v € C}(Q) solve the system

u+uz=u on R,
Ut+Uz=-v+u on ?l_,
u(z,0) = up(z), v(z,0) =vp(z) z€R.
Find u(z,t), v(z,t) in terms of ug, vo.
2. Let R > 0. Assume u € C%(Bg(0)) is nonnegative and satisfies u(0) =0,
0<Au<1 on Bg(0).
Let uy,uz be the solutions of the following problems
Au; = Au on Bg(0),
u; =0 on JBgr(0).

Auy =0 on Bg(0),
ug =u on 9BR(0).

(a) Prove that u = u; + uz on Bg(0) and u; < 0,u2 > 0 on Bg(0).

(b) Prove that |u;(z)| < g—: for all z € Bg(0). Hint: Compare u; with
#@) = EE L)

(c) Prove that ua(z) < -2—'::—R2 for all x € Bp/y(0). Conclude |u(z)| <
2" R? for all z € Bpy,(0).

3. Let n > 3, f € C§°(R™). Assume u € C®°(R") is a solution of
—Au=f on R®

and u(z) — 0 as |z| — oo. Prove there exists C > 0 such that

C
K e
w2 < s



for all z € R™,z # 0.

4. Let T > 0 and assume ¢, h, f,g are C*°- smooth functions. Suppose
u,v € C%(Qr) satisfy
u—Au=¢ on Qr,

u=~h on 99 x (0, T],
u=f on Qx{t=0},

vu—Av=¢ on Qr,
v="h on 99 x (0,7,
v=g on 2x {t=0}.
Prove that [ |u(z,t) — v(z,t)dz < [, |f(z) - 9(z)|2dz for all t € [0,T).

5. Suppose f : R® —+ R is continuous, bounded and [g. |f|dz < co. Show
there exists a unique solution u € C®(R™ x (0, 00)) N CO(R™ x [0, 00)) of

ug = Au — 2u, on R" x (0,00),
u=f, on R™ x {t =0},
lu(z,t)| < Ce~2(1+t)"%, for (z,t) € R" x [0,00),

for some constant C' depending on f,n but not on z,t.

6. Let f € C(R) with f' bounded on R and f(0) = 0. Suppose ¢,9 €
C%(Q) and u € C?(Q7) is a solution of
ug — Au= f(u) on Qr,
v=0 on 8Qx (0,T],
u=¢, ry=% on Qx{t=0}.

(a) Denoting E(t) = 1 [o(u? + |Vul? + u?)dz, prove E(t) < E(0)eC* for all
t € [0,T), and for some constant C > 0.
(b) Prove the solution u is unique.

7. Let p > n/2. Suppose ¢,9 € CP(R™) and u € C2(R" x [0,00)) is a
solution of
ug — Au=0 on R" x [0,00),
u=¢, u=1v% on R"x {t=0}.
Prove that there exists C > 0 such that
/ e + [Vl , . C
re (1+ |z +8P 7 = (1 +t)pn/2

for all t > 0.
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In the following, unless otherwise stated, {2 C R" is an open, bounded set
with C®-smooth boundary 8. Denote Q = §2 x (0, T).

1. Let @ = {(z,t) : 2 € R,t > 0}, b € R and assume a € C'(),¢ € C'(R)
are bounded. Suppose u € C*(2) is a solution of

u +a(z,t)u, +bu=0 on L,
u(z,0) = ¢(z), z€R.

(a) Prove sup |u(z,t)| < e sup |¢| for all ¢ > 0.
zeR
(b) Find the solution when g = a(t)

2. Let Q@ ¢ R? and suppose g€ C%(89). Show that there exists at most
one solution v € C%(Q) N CO(R) satisfying

Au+ux—-uy=u3 on ,

u=g on 8.

3. Let @ c R® A function v € C%(Q) is subharmonic on 2 iff for every
z € , there exists 7(z) > 0 such that v satisfies the mean-value property:

1
[
v S pmr [ oS
for all » € (0,r(z)], where wy, is the surface area of the unit sphere in R™.
(2) Suppose u,v € C%(R),u is harmonic on ,v is subharmonic on Q, v <
u on 3§2. Prove v £ u on . You can assume the maximum principle for
subharmonic functions.
(b) Let v € C%($2) be subharmonic on 2 and B(zo, R) C . For r € (0, R)
define

o(r) = ;,—1—7 /8 IRGL G

Prove g is nondecreasing on (0,R). Deduce the mean-value property

1
v(zo) < T /.a B(zo’r)v(ﬁ)ds(f)



holds for any B(xo, ) C £ (note, in the definition of subharmonic function,
this is assumed only for sufficiently small r). Hint: for 7; < 7y use the
Poisson Integral Formula on B(zg,72) to get a harmonic function.

4. Let m >0, T > 0 and assume up € C%($2) is nonnegative on 2. Suppose
u € C%1(Qr) N C°(Q7) is a solution of

w = Au+ |Vul? +u(m—-u) on Qr,

u=0 on 69 x (0, T),
u=wup on Qx {t=0}.

Prove 0 < u < max{m,supup} on .
Q

5. Let 1 < p < 0o, up € CO(Q). Consider
u = Au+ [uff~lu on Qr,

u=0 on 99 x (0,T],

u=ug on Qx {t=0}.
For each up, let Tnax = Tmax(uo) € (0,00] be the maximal time such that
the problem above has a solution u € C?>'( x [0, Tiyax)). Let E(t) =
3 Jo IVulPde — 245 [ lulPids, y(t) = fulde for t € [0, Tina).
(2) Prove £ E(t) = — jl'Q uldz, t € (0, Tmax)- 1
(b) With ¢ = 22=1015* prove Sy(t) > ~4E(0) + cy(t)3*, t € (0, Tonas).
(c) Assume ug is nontrivial, E(0) < 0 and prove Tmax(u0) < 00.

6. Consider the initial-boundary value problem

Uy — Uzz = —2+sinz on (0,7) X (0, 00),

2

u=z°—7nz, ;=0 at t=0,

u=0 at x=0,7.
(a) Find the steady state solution u = f(z) of the differential equation and

boundary conditions.
(b) Find the solution of the entire problem.

7. Suppose a € C°(R™),a > 1 on R" and up,u; € CP(R™). Suppose
u € C3(R™ x [0, 00)) is a solution of the problem

up — Au+a(z)ue =0 on R" x (0,00),



u(z,0) = uo(z), = R,
u(z,0) = uy(z), ze€R"™

Let E(t) = fo(uf + |Vul®)dz, K(t)= [,(vu + tau?)dz, ¢€[0,00).

(a) Prove $E <0, £(K+E)<—E, and K+E >0 forall £ > 0. You
may assume finite speed of propagation of solutions (the support of u(, )
is bounded in R™ for each ¢ > 0). .

(b) Prove E(t) < Ct™! for all t > 0. Hint: Integrate an inequality in (a).
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. In the region R := {(z,t) : > 0,t > 0}, solve the PDE
ug + t2ug = 4u, with, u(0,t) = h(t), wu(z,0)=1.

Find the conditions on & so that the solution is continuous on R.

. Solve the following PDE (also state the domain of the solution)

z?ug + TYuy = w3, and u=1, onthecurve y==z2.

. Let a>0and D = {(z,y) € R?: 22 + y% < a?}. Consider the equation

A'U. =0, in Da
v =1+42?+ 3y, on OD.

without solving the equation, find »(0,0), max u, and min u.
D D

.Let By = {z € R* : |z] < 1} for n > 2. Let u be defined on B; \ {0}. Assume that
u € C(By \ {0}) N C?%(B; \ {0}), u is harmonic in B; \ {0}, and

u(z)
=0
lal0 [z 2"

Prove that u can be extended to 0 so that u € C%(B,).

Hint: By using the maximum principle on B; \ B, for 0 < 7 < 1, one proves that v = v
in By \ {0}, where v is the solution of the equation

{Av =0, in By,

v =u, on &B;.

. Let  be a non-empty, smooth bounded domain in R”. Let f : R = R be a C?! function such
that |f’| is bounded. Consider the reaction-diffusion equation

ug— Au+ f(u) =0, in Q x (0, 00),
v =0, on 99 x (0,00),
w(z,0) =up(z), zef

Prove that C? solutions to the problem are unique.



6. Let ug € C(N) for some non-empty, open, smooth bounded domain @ C R™ with n > 2.
Assume also that ug > 0. Let u € C®(£2 x {0, 00)) be a solution of the equation

U = Au, in Qx(0,00),
u(-,t) =0, on 99 x (0,00),
u(-,0) =wup(-), on .

(a) Prove that for all ¢t > 0,
luC, Ol < luollzi@y, and  lu, )iz @) < lluoll @ llul: ")

where o9 9 g
———2(2*_1), for 2 =3

(b) Prove that there is C > 0 depending on 7, such that

«

d 2 -5 2 =
a/ﬂu (z,t)dz < —C'||u0||L1(Q) {/Qu (:L',t)dm} .
(¢) Prove that (for some new C = C(n,Q2) > 0)
a2y < Clivollzz@y +t)~%, t>o0.
Remark: The following inequalities maybe useful

(i) Holder’s inequality:
11l zoc) < 11T oyl F1 222 0y
with
-=— e h+86:=1, p,p,p2€(l,00), 6,62¢€(0,1).

(ii) Sobolev - Poincaré inequality:
ol 2e ) < Cln, A VellL2) Vo € CF(Q), ¢l =0.
7. Let ¢ > 0 be a fixed number. Solve the following wave equation

gt = CPUzy + cos(ct) cos(z), —oo <z <00, t>0,
u(z,0) =z, wu(z,0) =sin(z), —o0<z < 00.

8. Let u(z,t) be a C?, compactly supported solution to the equation
g — Au=0, u(z,0)=0, wuz,0)=g(z), z€R® t>0.

Assume that [ps g(z)%dz < 0o. Show that

/ * (0, )%dt < - / (2)2dz
0 ’ Y d ng ’



PDE Qualifying Exams August 2014

1. Let g be a given smooth function on R. Solve the PDE .

up +uy =’ on {(z,y) € R? y >0},
u(z,0) =g(z), z€R

2. Let Q@ C R™ be an open bounded domain with smooth boundary 9 for n € N. Let u be a
harmonic function in 2 and zo € 2. Prove that

| Ou(zo)
0.’1:,'

< n sup |u(a:) - u(a:o)l, where d = dist(z,09Q), Vi=1,2,.--- ,n.
zeQ

Assume in addition that v > 0 in 2, show that

Fu(zo)
63:,-

< %u(mo), Vi=1,2,---,n.

3. Let Q@ = R*\ B,(0), where B;(0) is an open unit ball in Q. Let u be a harmonic function in £
such that u(z) — 0 as x| = oo. Prove that there exist 79 > 1 and M > 0 such that

M M
I'U,(l')l S mv quk(x)l S Wa VI(BI 2 70, v k = 1:2a 3

4. Let T € (0,00) and 2 C R" be an open bounded domain with smooth boundary 99 for n € N.
Let Q7 = Q x (0,T] and u € C?(Qr) be a solution of the equation

u+%‘5 =0, o0 x (0,71,

w— Au+c(z,t)u =u?(1-u), in Qr,
u(z,0) = g(x), z €,

with some given function c¢(z,t) and g(z). Assume that ¢ > 0 on Q7 and 0 < g < 1 on .
Prove that 0 < u <1 on Qp.
5. Consider = [0,a] x [0,b] C R? for some fixed a > 0,b > 0.

(a) Use separation of variables to find the first (i.e. the smallest) eigenvalue ), and eigenfunc-
tion ¢; of the eigenvalue problem

_A¢ = ’\¢7 Qv
¢ =0, 0.
Remark: Eigenfunctions must be non-trivial.

(b) Let g be a smooth function on Q and g vanishes on 89Q. Also, let k£ < A;. Assume that u
is a solution of the heat equation

Ut = Au+ ku, e, t>0,
u(z,t) = 0 , TEM, t>0,
u(z,0) = g(z), z €

prove that u(z,¢) — 0 uniformly in z as ¢t — co.



6. Let T € (0,00) and  C R"™ be an open bounded domain with smooth boundary 9Q for
n € N. Let us denote Qp = © x (0,T) and 't the parabolic boundary of Q7. Suppose that
u € C(Qr) N C?(Qr) satisfies the PDE

w — Au = c(z,t)u, (z,t) € Qr
for some ¢ € C(Q7) and ¢ < 0. Show that if u > 0 on I'r, then

max u(z,t) = max u(z,t).
(z,£)e0r (z,t)el'r

Give a counter example showing that the conclusion does not hold if the condition © > 0 on
T'r is violated.

7. Let T € (0,00) and 2 C R" be an open bounded domain with smooth boundary 99 for n € N.
Suppose that u € C%(Q x [0, T]) is a classical solution of the equation

{ ue — Au = f(x,1), Qx(0,7),
u(z,t) =0, (z,t) € 02 x (0,T).

Let
1

B() =3 /Q [12(,) + [Vul(z, 1)) do

(a) Prove that i
E@) < eT[E(O)+—;- /0 /n Pz, s)dwds], vt € [0, 7).

(b) Use the energy estimate to prove the uniqueness of the classical solution of the initial value

problem
uy —Au = f(.’l?,t), 2 x (0’ T)a
u(z,t) =0, (z,t) € 00 x (0,T)
u(m’ 0) = g(x): z €,
w(z,0) = h(z), z €.

8. Let f € C'(R®) with compact support. Suppose that u € C?(R3 x (0,00)) and u solves the
Cauchy problem

Ut — Au = 0, Ra X (0,00),
u(z,0) =0, z € R,
u(z,0) =f(z), zeR.

Prove that there is M > 0 such that

M
(@, < 77 [ liims) + I lrqes) + IV fllnmsy ], Ve 2 0.
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PDE Qualifying Exam Spring 2014

1.) (a) Solve the following Cauchy problem on R%:

U+ Uy =T+ Y
u = z2 on the line y = —z.

(b) For what C* function or functions f(z) does the Cauchy problem on R?:

Uz + Uy = Ju
v = f(z) on the liney =z

have a solution? Prove your answer.

2.) Consider Burger’s equation

%) {uux+uy=0, for zeR,y>0

u(z,0) = f(z), for z € R,
with initial data

20

4, for z <0,
flz)=< 4—-%, for 0<z<2,
3, for z > 2.

(a) Find, with proof, the smallest y* > 0 such that a shock occurs at (z,y*) for
some z € R.

(b) Find u(z,y) satisfying () for £ € R and 0 < y < y*, except on two line
segments where the partial derivatives of ¥ may not exist.

(c) Find the integral, or weak, solution u(z, y) of () for y > 0.

3.) (a) Suppose f € C(R™) satisfics f(z) > 0 for all z € R™. Suppose u € C*(R")
satisfies
Au-— f(zlu=0

on R”, and u(z) — 0 uniformly as |z| = co. Prove that u is identically 0.
(b) Find a non-trivial solution of Au+u = 0 in R3 such that u(z) — 0 uniformly as

|z| = co. Hint: look for a radial solution u(z,y, z) = v(r) where r = /12 + y2 + 22
and note that rv" + 2v’ = (rv)”.
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4) Let © C R™ be a bounded open set. Suppose that {u,}32,; is a sequence of
harmonic functions on 2 such that

/ lun(z) — i (z)|2dz — 0
Q

as max{n, m} — oo. Prove that u, converges to a harmonic function on (2.

5.) Suppose u = u(z,t) € C*([0, 1] x [0, T]) satisfics

Ut = Ugg + LUy, z €10,1],t €[0,T)
uz(0,t) = u,(1,£) =0, te[0,T).

Prove that
max u(z,t) = max u(z,0).
[0.1]x[0,T] [0.1]

If you use a major theorem in PDE in your solution, provide the proof of that theorem.

6.) (2) Suppose u = u(z,t) € C(R" x [0,00)) N C%(R™ x (0, 00)) satisfies

ug = Au, for z € R*,¢ >0,
u(z,0) = f(z), for z € R",

where f(z) > 0 is a C*, bounded function satisfying [g. f(z)dz = 2. Suppose u
satisfies ,
lu(z, )] < Aelal”,

for some positive constants o and A. Prove that lim;_,o u(z,t) = 0 and fmn u(z,t)dx =
2 for all ¢t > 0.

(b) Does there exist a bounded solution u(z,t) € C(R" x [0, 00)) NC?*(R" x (0, 00))
of the initial value problem

vy = Au+ B - for z e R >0,
u(z,0) =0, for z € R*?

Justify your answer.
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7.) Suppose u = u(z,t) € C*(R x [0, 00)) satisfies

u(z,0) = f(z), for z € R,
w(z,0) = g(z), for z €R,

{ U — Uz +u =0, for z €R,t>0,
where f and g are C'* and have compact support.
(a) For any (zo,%p) € R x (0,00) and 0 <t < o, let I(t) be the interval
I(t) = [x() —to+t,xo+ 1o —t].

Define
e(t) = / f? + w2 + w2 (z, £) da,
I(t)

for 0 <t < ty. Prove that e is non-increasing on [0, %g].

(b) Suppose that f(z) = 0 and g(z) = 0 for |z| > 1. Prove that u(z,t) = 0 for
|z| >t+1, for all £ > 0.

8.) Suppose u = u(z,t) € C*(R x [0,00)), is the solution of the wave equation

u(z,0) = f(z), z€R,

uy = Au, zeR,t>0
u(z,0) = g(z), z€R.

Suppose g and h are C* with f(z) = g(z) = 0 for all z such that |z| > R, for some
R > 0. The kinetic energy is

k(t) = %/Ru?(x, t)dz

and the potential energy is
1 2
p(t) = = | uz(z,t)d=.
2 Jr

(a) Prove that k(t) + p(t) is constant.
(b) Prove that k(t) = p(¢) for all ¢ > R.
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1.) Consider the equation
(*)  ug+2uy,=u,

for (z,y) € R2
(a) Solve (*) with the Cauchy data u(z,z) = €% for all z € R.

(b) Suppose u satisfies () with Cauchy data u(z,2z) = f(z). Prove that f(z) =
Ce* for some constant C.

(c) For each constant C # 0, show that (%) with Cauchy data u(z,2z) = Ce* has
infinitely many solutions.

2.) Reduce the following equation on R?:
Uzz + 682Uz + 9z%uyy + 6zuy +y — 2% =0

to canonical form and find the general solution.
3.) Let Q C R" be a smooth (C*), bounded open set. Consider the problem

(**) { Lu(z) = f(z), for z € Q

u(z) + % = g(z), for z € ON.
where f € C(Q), g € C(89), and £ is the outward normal derivative on 5.
(a) Prove that there is at most one u € C%(Q) satisfying (*).

(b) Suppose u € C?(Q) satisfies (*+), with f > 0 on Q and g < 0 on 8Q. Prove
that « <0 on Q.

4.) Suppose u = u(z,t) € C([0,1] x [0,00)) N C?((0,1) x (0,00)), and u satisfies

U = Ugz, for 0<z<1,t>0,
u(0,t) =u(1,t) =0, for t>0,
u(z,0) =4z(l—=z), for 0<z<1.
Prove that
(a)0<u(z,ty<lfor0O<z<1,t>0;
(b) u(l —z,t) = u(z,t) for 0<z <1, ¢t > 0;
() -8 < Ugs(z,t) <O0for0<z < 1,t>0;

(d) fol u%(z, t) dz is a strictly decreasing function of ¢.
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5.) Suppose u = u(z,t) € C*([0,1] x [0, 00)) satisfies

u(0,t) =u(1,t) =0, for t 20,

u“—umz—ﬁ;ﬁ, for 0<x<1,t>0
u(z,0) = g(z), for 0 < w1,

where g is a given function satisfying g(0) = g(1) = 0.

(a) Define

1
E(t) = %/{; uf +u2 + log(1 + u?) dx,

for t > 0. Prove that F is constant.

(b) Show that there exists C' > 0 such that |u(z,t)| < C for all z € [0,1] and
t=0.

6.) Let Q C R™ be an open set.
(a) Suppose u € C*(£2) and
f Ou dS >0
2

B(z,r) on

for every x € R™ and r > 0 such that B(z,r) C €, where % is the outward normal
derivative on 92 and dS is surface measure on 9. Prove that u is subharmonic on
2. Warning: a subharmonic function is not necessarily C?.

(b) Prove the converse of part (a) under the additional assumption that u € C?(€).

7.) Let 2 C R™ be a smooth bounded open set. Let A < 0 be a continuous function on
2 x [0,00). Prove that there exists at most one function u = u(z,t) € C2(Q x [0, oc))
satisfying

(2, 0] = ). for z € Q,

w = Au+ h(z,t)u, for € Q,t>0
u(z, t) = glz. 1), for x € 09Q,t > 0.

8.) Suppose u = u(z,t) € C*(R3 x [0,00)), is the solution of the wave equation

Uy = Au, for zeR3,t>0
u(z,0) =0, for z € R3,
w(z,0) = g(z), for z € R3.

Suppose g(z) =1 for |z| > 1. Prove that
wla il =1

if (i) || >t+1or (ii) |z| < t — 1.
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Problem 1. Let f : R* — R be a bounded C? function that satisfies
Vf=0,
where G : R®™ — R" satisfies

/ G(x) - (z — 0)dA(z) = 0,
8B (z0)

for all 5 € R™, » > 0. Prove that f is constant.

Problem 2. Let & = {(z,t) : 0 <2 <1, 0 <t < oo}. Assume that u €
C?1(Q) NC%Q) satisfies the initial boundary value problem given by the equation

Ou &u
E(Z, t) = ﬁ(z,t)
in the interior of the region 2, together with the boundary conditions

u(z,0) = f(z), u(0,t) = a(t), u(1,t) = B(2),
where f(0) = a(0), f(1) = B(0).

(a) Show that u(z,t) cannot have a maximum where 8%22/8%z < 0 in the inte-
rior of the region in (z,t) space with¢ >0and 0 < z < 1.

(b) State the strong maximum/minimum principle for the previous IVBP.

(c) Using a maximum/minimum principle show that if f(z) > 0, a(t) = 0, and
B(t) 2 0, then u(z,t) > 0.

Problem 3. Suppose u : R2 - R is C! and bounded and satisfies the PDE

u(z,y) = a(z, Y)usz(z, y) + b(@, y)uy (7, 9)-
(a) Show that if ¢ and b are constant functions, then u is identically 0.
(b) Prove that if a = 1+ 22 and b = 1 + ¢, the above PDE has non-vanishing
bounded solutions.

Problem 4. Consider the cube Q = (1,2) x (1,2) x (1,2). Suppose u € C*(Q) N
CY%(f) satisfies
Yz + ZUyy + Uz = 1

in ©, with u = 0 on the boundary 8Q. Prove that u > —}.

Hint. Compare with a function of the type v(&) = a + b|T — Zo|?, where a,b €
R, 7, € RS.



2 JANUARY 2013 PDE PRELIM

Problem 5. Consider the unbounded domain Q = {(z,y) : y > z?} C R%. Sup-
pose u is bounded and harmonic on §2, and vanishes on §€2. Show u =0.

Hint. Test with uy, where x(y) is a cutoff function in the second variable y, and is
nonconstant only on y € [¢,24].

Problem 6. Suppose u € C%(R3 x [0, 00)) is a solution of

u(z,0) =0 zeR3,

g —Au=0 onR3x [0,00),
uy(z,0) = P(z) z € R3,

where 9 € C*(R3) has compact support. Let p € [2,00). Prove that there exists
C > 0 such that:

(8) Vulz,8)] < C(L+1) for all (z,8) € R® x [0,00),
(b) / (Va(z, H)Pdz < C(L + £ for all £ > 0.
Ra

Problem 7. Supposc u € C%(R™ x [0,00)) is a solution of

u(z,0) = ¢(z) zeR™,

Uy —Au=0 onR" x [0,00),
u:(2,0) = ¥(z) zeR",

where ¢, € C*°(R") have compact support. Prove that there exists C,T > 0 such
that

(lee| + | Vua])*

> t—n—l
e 1zt ©2C

forallt > T.
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SOLUTIONS

Q1. G is C! since f is C2. Using the integral condition and the divergence theorem
we obtain that [,; G-ndA = [pdiv G = 0 on any ball B. Since G is C* it follows
that div G = 0 everywhere. Taking the divergence of the first equation we obtain
div Vf = Af =div G =0, i.e. fis harmonic. Since f is also bounded, it must be
constant.

Q2. Will type it soon.

Q3. Along the characteristic curves ¢ = a, y = b, the solution u satisfies the
equation z = z, hence z(t) = z(0)e’. For ¢ € R, this is bounded exactly if z(0) = 0.
The reasoning with ¢ € R applies for a,b constant functions, because then the
characteristic curves do exist for all ¢, namely z(t) = zo + at, ¥(t) = yo + bt. [The
same reasoning would apply for any locally Lipschizt functions a(,-), b(-,-) that
satisfy (eg) linear bounds |a(z,y)| + |b(z,y)| < Co(|z| + |y}), by some ODE theory
that we may not assume known in this generality, and which would guarantee global
existence in time for the characteristic curves.)

In contrast, for z = 1 + 2, § = 1 + y2, we cover the plane with characteristic
curves z(t) = tan(t+cp) = tan(t+arctan zo), y(t) = tan(i+c;) = tan(¢+arctan yo)
that exist for an interval of finite length < 7 only. We do not need z(0) = 0 for
2(t) = z(0)e* to be bounded on this interval. Specifically, we can choose initial data
z(0) = s, y(0) = —s, 2(0) = f(s) for any bounded function f. Then

u(tan(t + arctan s), tan(t — arctan s)) = f(s)e*
ie.,

u(z,y) = exp [% (arctan z + arctan y)] b [%(arctan T — arctan y)]

Q4. We consider v(z,9,2) =M+ 5 ((z - 2> + (y — 3)*> + (2 — £)?) where M is
yet to be determined. (It will turn out that we want M = -%.) We want to show,
by maximum principle, that w:=uv —v > 0.

First we note that on £, it holds Yvzg + 20y + v, = Z(z+y+2) > 1. Therefore
YWgz + 2Wyy + TW,; < 0 in Q. Now w does have a minimum on the compact .
If the minimum were in the interior, we’d have wg, > 0,wy, > 0,w., > 0 there,
and thus yws, + 2wy, + zw,, > 0 in violation of the DE. So minw is taken on at
the boundary, where it equals —maxv=-M -} ((3)2+ (3)2+ (3)*) = —-M —3,
which equals 0 for our choice M = —3.

So we have w > 0,ie,u>v>M=-1on Q.

Q5. We can design x in such a way that x(y) =1 for y < ¢, x(y) =0 for y > 2¢,
IX'| < ¢/t [X"| < /2.

Then

0= [ du(w) =~ [ Vu- (V) = - [ (vulx- 5 [ VD) vx

=- / |Vul®x + : / w?Ax — 1 / u?8,x dS.
Q 2 Ja 2 Jaa
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The boundary term vanishes; the second term, with » bounded by M, can be
estimated by M2(c/£2)(c€3/?), hence it goes to 0 as £ — oo. Hence we find, in this
limit, that 0 = — [, [Vu|?, and u = const. By DBC, » =0.

Q6 & Q7. See Henry’s sheet.
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In the following, unless otherwise stated, 2 C R™ is an open, bounded set
with C*-smooth boundary 9. Denote Q1 = £ x (0, T), T'r = parabolic
boundary of Qr = Or \ Q.

Problem 1. Let Q = {(z,y) € R? : z > 0,y > 0}. Find the solution
u € C1(Q) of the initial-value problem
—2zu; + (:B + y)uy =0, (IL', y) € Qr

w(z,0) =z, z>0.

Problem 2. Let = {z e R®: 0 < |z| < 1},S = {z € R® : |z| = 1}.
Suppose u € C%(2) NC2(RU S) satisfies Au>0on Q,u=00n S and u is
bounded on Q. Prove u < 0 on .

Hint: Consider v(z) = u(z) — €(1/|z| — 1) on an appropriate subdomain of
Q.

Problem 3. Suppose a € R,T > 0 and f € C°(Q2) with f > 0 on Q. Let
u € C31(Qr) N C%(Qr) be a solution of

u;=Au+ f(z)+ou on Qr,
©u=0 on I't.
Prove u > 0 and u; > 0 on Q x [0, 7).

Problem 4. Let a,b € R,T > 0. Suppose ¢, € C*®(Q) and u € C*(Qr)N
C%(%2r) is a solution of

ugg — Au+aug, +bu=0 on Qr,

u=0 on 89 x (0, T],
u=¢ on Qx{t=0},
ug =1 on N x {t=0}

Denoting the energy E(t) = 1 [,(u? + |Vu|?)dz, prove E(t) < E(0)e** for
all ¢ € [0, T), for some constant k > 0. Here z = (z1,...,z,) € R™.



Problem 5. Let Q = {(z,t) : = > 0,¢ > 0}. Find the solution » €
CAHQ)NC'(Q) of
Ut — Ugz = Ov (.'L',t) € Q)
uw(z,0) ==z, z>0,
u(z,0) = -1, z>0,

Problem 6. Consider the heat equation
u = Au on Qr

and define E(t) = [, u(z,t)%dz,t € [0,T]. With Dirichlet boundary con-
ditions © = 0 on 92 x (0,7, in order to prove backward uniqueness of
solutions, it is sufficient to establish E”?2 < EE" on [0,T]. Prove the same
ingqua.lity for Robin boundary conditions du/8n = g(z)u on 32 x (0,T], g €
c(a9).

Problem 7. Let G(z,y) be the Green’s function for —A on § with Dirichlet
boundary conditions. Define g(z) = [, G(z,y)dy,z € Q. Suppose u €
C%(2) N C%(RN) is a solution of

—-Au=e™ on Q,

u=0 on ON.

(a) Find —Ag.
(b) Prove there exists a constant m > 0 such that mg < u < g on Q. Express
m in some explicit form involving g.



PDE Preliminary Exam, January 2012

In the following Q C R™ is an open, bounded set with C*°- smooth boundary
9. Denote Qr = Q x (0,T), I'r = parabolic boundary of Qp = Qp \ Q.

Problem 1. Find all positive solutions  defined on all of R? to the equation
zuz + yuy = (22 + 1) /u.

Problem 2. Suppose f € C%(8Q), f > 0 on 8Q. Show that if a solution
u € C%(22) N C°(Q) to the boundary-value problem

_ 1
T 1+u?

u=f on 99,

—Au

on

exists, then it is unique.

Problem 3. Suppose u € C%(R? x [0,00)) is a solution of
uy — Au=0 on R3 x [0,00),
u(z,0) =0, z € R3,
w(z,0) = g(z), z€R?,
where g € C?(R3) N L2(R3). Prove that there exists C > 0 such that

o o}
su u(z,t)? dt < C||g||%2ps-
sup [“utz) g2z,

Problem 4. Let T > 0 and suppose f € C*(R), f(0) = 0. Consider the
problem
ug = Au+ f(u) on Qr,

u=0 on I'm.

Prove this has a solution » € C%1(Q7) N C%(¥r) and that the solution is
unique.



Problem 5. Let © = (0,7),Q = 2x(0, ), f € C°([0,7]), £(0) = f(x) =0.
Prove the problem
U = Uzz + U2 ON Q,

u=0 on 99 x (0,00),
u=f on Qx {t=0},

has no solution v € C2}(Q) N C%Q) if I = [y f(z)sinz dx is sufficiently
large and positive.

Hint: Derive a differential inequality for F'(t) = jo" u(z, t) sin z dz and obtain
a contradiction.

Problem 6. Suppose u € C2(Q2) N C°(Q) is a solution of

Au=13—u on Q,

u=0 on O9.

Prove
(a) -1<u<1 on Q,
(b) |u(z)| #1 for all x € Q.

Problem 7. Let T > 0,1 < p < m. Suppose ¢,% € C*(f]) and u €
C?(Qr) N CO%(Qyr) is a solution of

up — Au + uglug ™ = ufuf~! on Qr,

u=0 on 00 x (0, T),
u=¢ on Qx {t=0},
u =19 on Qx {t=0}

Denote H(t) = %”ut(':t)"%ﬁ(n) + %"V“("t) ”i’(ﬂ) + p%"u('at)”gil(n)»

t € [0,T] (H is not the energy for the p.d.e.). Prove that for some constant
¢>0,H(t) < H(0)e® for all t € [0, T).

Hint: Calculate H(%).
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Problem 1:

Prove that every positive harmonic function in all of R" is a constant. Conclude
that every semi-bounded harmonic function in all of R" is a constant.

Problem 2:

Show that the damped Burger’s equation u, +uu; = —u, for z € R, ¢ > 0, with
initial data u(z,0) = ¢(z) (for a positive C! function ¢) has a global solution
for ¢ > 0, provided ¢'(z) > -1.

Problem 3:

Let Q = R*x (0,00), f € L*(R"), and let u € C*!(Q)NC®(Q) be the solution
of the problem

u~-Au+u=0 fort >0,z ¢ R"
u(z,0) = f(z) forzeR".

subject to the growth condition |u(z,t)| < Ae®® for z € R™ and t > 0, with
certain positive constants A,a. Show that

lu(-, &)l (R™) < Ct™"2e~*| fl|L2(Rn)
for all t > 0.

Problem 4:

Let @ = R™ x (0,00), f € L'(R™), and g € C°[0,00) N L'(0,00). Assume that
limg_o g(t) exists. Suppose u € C*1(Q) N C%(Q) satisfies

us—Au=g(t) onQ
u=f on R" x {t =0}

and that the usual growth condition that implies uniqueness is satisfied. Show
{e <}
lim u(z,t) = / g(t)dt and lim u,(z,t) =0
t—o0 0 t—o0

for each x € R™.



Problem 5:

Assume in a bounded domain Q ¢ R™, we have a solution u € C%(§) N C2%()
to Au = 4% — 1 and a solution v to Av = v — 1, each vanishing at the boundary.
Show that 0 < v <4 < 1in Q.

Problem 6:
Let g € C?(R3) satisfy the conditions

lg(z)] < C and / |[Vg(z)ldz < 4nC  and  lim g(z)=0
R* |z}~ o0

and consider a classical solution u to the wave equation

Uy — Au=0 in R3 x (0, c0)
u(z,0)=C for z € R?
u(z,0) = g(z) for z € R3.

where C is a given positive constant. Prove that u(z,t) > 0 for all (z,t) €
R3 x [0, 00).

Problem 7:

Suppose ¢ € C*(R") and ¢ € C°(R") have support contained in the ball
B(0,7), and that u € C%2(R™ x [0,00)) is a solution to

e —Du+ fmu =0  onR" x(0,00)
u(z,0) = ¢(z) forz eR"
u(z,0) = 9Y(x) forz € R"

Define E(t) := § [p. (uf +|Vul?) dz and I(t) := [ fq. 15 (uf +|Vul?) dz ds.
(2) Prove that [ fp. t3rué (%, 8) dzds < E(t).

For your information: it can be proved that I(t) < CE(t). You do not need to
do this; only be assured of the corollary that I(t) is finite.

(b) Prove that there exists a positive constant C such that I(t) > CE(2t) for

all t > r (with the r from the support of the data). Hints: I(t) > ftu .... You
may assume that the support of u has the same properties as solutions to the
wave equation whose initial data have support in B(0,r). And you may assume
that E(t) is non-increasing in t.
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In the following Q C R™ is an open, bounded set with C*°- smooth boundary
0. Denote Qr = Q x (0,T].

Problem 1. Prove the pde u; + 2zuy = (y* — z%)u? + 1 cannot have a
solution € C(R?) in the entire plane R2.

Problem 2. Let a € R. Show the problem
Au=u’+a on Q,

u=0 on 01,
has at most one solution u € C?(Q2) N C}(Q).
Problem 3. Let Q = R™ x (0,00) and suppose u € C>1(Q) N C°(Q) is a

solution of
w—-Au=0 on Q,

u=g(z) on R" x {t =0},
satisfying the growth condition

lu(z, £)| < Ae?ll®, (z,1) € Q,

where A, are positive constants.

(a) Assume that g € CO(R™)N L>(R") does not depend on a variable z;
for some fixed j. Prove that the same is true for u.

(b) Prove that if g € C°°(R") is a harmonic function on R", the solution
u is time independent.

Problem 4. Let o, T > 0,7 € R. Suppose ¢ € C%(Q) and ¢ € C°(Q2r) with
c>~ on Q. Suppose u € C>(Qr) NC}(Q7) is a solution of

u — Au+c(z,t)u=0 on Qr,

u=¢ on Qx {t=0},
Ou/on+au=0 on 90 x (0,T).

Prove |u| < sup|@| e~ on Qr and prove u is unique.
Q



Problem 5. Solve explicitely the initial-boundary value problem
U —dug, =0, >0, t>0,

with initial data
u(z,0) =z, z>0,

u(z,0) = -2, z >0,
and boundary condition

uz(0,t) + tu(0,8) =1, t>0.

Problem 6. Suppose Q C R? and u € C?(Q) N C%(R) is a solution of
1+ ufl)um + (1 4+ u2)uyy — 2upuyuyy =0 on Q.
Show inf v = inf u.
a 0
Problem 7. Let T > 0,a € R. Suppose ¢,% € C*®(Q) and u € C%(Qr) N
C(Qr) is a solution of
u —Au+auy =0 on Qr,
u=¢ on Qx {t=0},
=19 on Qx{t=0},
du/On =0 on 9Q x (0,T].

Prove that for t € [0,7] the following inequality holds E(t) < E(0)e%?,
where E(t) = 3 [o(u} + |Vu|?)dz and ag = max{0, —2a}.
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In the following Q C R™ is an open, bounded set with C*°- smooth boundary
09Q. Denote Q7 = 0 x (0,T).

Problem 1. Suppose u € C1(R?) is a solution of yu; — zu, = u on the
entire plane R2. Proveu =0 on R2

Problem 2. Suppose f,g € C'(R) with f(0) = g(0) =0, f' >0and ¢' >0
on R\{0}. Suppose z € C%(2) N C*(Q) is a solution of

Ay = f(u) on %,

Ou/dn + g(u) =0 on 9.
(a) Show u = 0 on £ using the maximum priciple.

(b) Show » = 0 on  using the energy method.

Problem 3. Let T > 0,c € C°(Rr). Suppose u € C>(Qr) N C°(Q7)
satisfies
ug — Au+c(z,t)u <0 on Qr,

©<0 on 't (=Qr\Qr = parabolic boundary of Q7).
Prove u < 0 on 7.

Hint: Consider v = ue~M* for a suitable constant M.

Problem 4. Suppose u € C?(R? x [0, 00)) is a solution of
ug —Au=0 on R3x [0,00),
u(z,0) =0, z€R?
u(x,0) = g(z), = €R3,

where g € C%(R®) has compact support. Prove that there exists C > 0 such
that :
(a) Ju(z,t)] < C(1+1t)7! for all (z,t) € R® x [0,00), and



(b) (Jrs Iutlsdﬁ")l/s <CA+t)"forallt>0.

Problem 5. Suppose u € C%(R") satisfies Au + 42 + 2u < 0 on R™. Show
that the inequality u > 1 cannot hold on all of R™.
Hint: Consider the auxiliary function v(z) = & (R? - |z|?) on B(0, R).

Problem 6. Suppose n < 3, ¢ € C3(R"),y € C%R") and 4,9 have
compact support. Suppose u € C2(R" x [0, 00)) is a solution of

ug — Au=u3 on R" x (0, 00),

u(z,0) = ¢(z), = €R",
’U:t(.'L', 0) = ¢($), T € Rn)

where [p. ¢(z)%dz > 0. Define the energy

E(t) = [pa(3u? + §|Vul? — ut)dz and F(t) = [, u?dz for t > 0. Assume
E(0) <0.

(a) Prove E(t) is constant in .

(b) Find a lower bound for |u(",¢)||z4n) and prove F"(t) 2 6|lutl|72(gn)
for each t. . .

(c) Prove (F(t)"2)" < 0 for all ¢ > 0 (note (F(t)"2)" = —3(FF" -
320) )Y

(d) Provided that F'(t) > 0 for some t > 0, show F(t) — oo as t — t; for
some finite £o > O.

Problem 7. Let Q = R™ x (0,00),n = 2,3 and f € C°%(Q). Suppose
u € C%1(Q) N C%Q) is a solution of

u — Au = f(z,t) on Q,

u=0 on R" x {0}.

Assume [, f(z,t)2dz < k for all t > 0; and that for each € > 0 there exists
Ce > 0 such that |f| < C'gef'””2 on Q. Assume |u| < Ae=l’ holds on Q for
some constants a, A > 0. Show, for some C,a > 0, |u} < Ct* holds on Q.
Give o explicitlzy and explain if your reasoning depends on n. Explain the
purpose of e@l=!*,





