
ALGEBRA PRELIM EXAM, AUGUST 2024

Instructions: Attempt all problems in all parts. Justify your answers.

General assumptions: All rings have 1 ̸= 0 and all modules are unitary.

Part I.

1. Let G be a group of order 204. Suppose that G contains a subgroup H
of order 6. Prove that G contains a normal, Abelian subgroup of
order 51.

2. Let G be a finite group with H a subgroup. Suppose that the greatest
common divisor of |H| and [G : H] is greater than 1. Prove that
there exists g ∈ G \H such that H ∩ gHg−1 contains a non-identity
element.

Part II.

1. Let R be a commutative ring, and suppose that P1, . . . , Pn ⊂ R are
prime ideals. If the intersection Q = P1 ∩ · · · ∩ Pn is also a prime
ideal, then show that Q = Pi for some i.

2. Suppose that R is a Noetherian unique factorization domain. Prove
that R is a principal ideal domain if and only if whenever f, g ∈ R
and the gcd of f and g is 1, the ideal (f, g) is equal to R.

Part III.

1. Let R be a principal ideal domain. Suppose that

M = R/r1 ⊕R/r2 ⊕R/r3 ⊕R/r4

with r1, r2, r3, r4 ∈ R non-zero, not units, and with ri dividing ri+1 for
i = 1, 2, 3. Prove that there exists a finitely generated R-module N
such that M ∼= N ⊗R N if and only if r1, r2, and r3 are associates.

2. Let k be a field, and consider the polynomial ring R = k[x, y]. Let I
be the ideal (x2, xy, y3) in R. We can consider S = k[x] as a subring
of R, which makes R/I into an S-module. Write R/I as a direct sum
of cyclic S-modules.

Part IV.

1. Let K be a finite field of characteristic p with pk elements. Suppose
that F,L are subfields of K with |F | = pn and |L| = pm. Also,
suppose that |F ∩L| = p. Prove that K = FL if and only if nm = k.

2. Let E be a finite Galois extension of a field F with Galois group
G = Gal(E/F ). Let K be an intermediate field F ⊂ K ⊂ E
with corresponding subgroup H = Gal(E/K) < G. Prove that the
Galois closure of K/F is the subfield corresponding to the subgroup
∩g∈G gHg−1 in G.



ALGEBRA PRELIMINARY EXAM

JANUARY 2024

Instructions: Attempt all problems in all four parts. Justify your answer.

General Assumptions: Unless explicitly stated otherwise, all rings have 1 ̸= 0 [and their sub-
rings contain 1] and all modules are unitary.

Part I

1. Prove or give a counterexample: Every group of order 2024 is solvable. (You may use the
fact that 2024 = 23 · 11 · 23.)

2. Let p be a prime number and let Fp be the finite field with p elements. Let V = F2
p, and

recall that G = GL2(Fp) is the group of invertible linear transformations on V. G acts on
V in the usual way (by multiplication).
(a) (2 points) Describe the orbits of this group action.

(b) (2 points) Describe the stabilizer in G of the vector

(
1
0

)
.

(c) (4 points) Consider now the action of G on V ×V (acting independently on each of the
two vectors). How many orbits does this action have?

(d) (2 points) What is the cardinality of G? Remember to justify your answer.

Part II

1. Let R and S be rings and let 1R and 1S denote their respective identities. Let φ : R → S
be a nonzero ring homomorphism.
(a) Prove that if φ(1R) ̸= 1S then φ(1R) is a zero divisor in S. Deduce that if S is an

integral domain then every nonzero ring homomorphism from R to S sends the identity
of R to the identity of S.

(b) Prove that if φ(1R) = 1S then φ(u) is a unit in S and φ(u−1) = φ(u)−1 for each unit u
of R.

2. Assume R is commutative and for each a ∈ R there is an integer n > 1 (depending on a)
such that an = a. Prove that every prime ideal of R is a maximal ideal.

Part III

1. Let I = (2, x) be the ideal generated by 2 and x in the ring R = Z[x]. Show that the
nonzero element 2⊗ 2 + x⊗ x in I ⊗R I is not a simple tensor (i.e., it cannot be written as
a⊗ b for some a, b ∈ I).

2. Let R be a commutative ring (with 1 ̸= 0) and let M be a unitary R-module. Show that
R⊗RHomR(R⊕R,M) is a projective R-module if and only if M is a projective R-module.

Part IV

1. Let F be an extension field of the field K with [F : K] = m. Let f(x) ∈ K[x] be irreducible
over K and deg(f) = n, where gcd(m,n) = 1. Prove that f is irreducible over F.

2. Let F/K be a finite Galois extension and let E/K be any extension. Prove that FE/E is
a Galois extension and has Galois group Gal(FE/E) ∼= Gal(F/F ∩ E).



ALGEBRA PRELIMINARY EXAM

AUGUST 2023

Instructions: Attempt all problems in all four parts. Justify your answer.

General Assumptions: Unless explicitly stated otherwise, all rings have 1 ̸= 0 [and their sub-
rings contain 1] and all modules are unitary.

Part I

1. Recall that C(G) denotes the center of a group G.
(a) Let G be a finite group and let N be a normal subgroup such that N ⊆ C(G) and G/N

is cyclic. Show that G is abelian.
(b) Show that every group of order 255 = 3 · 5 · 17 is abelian.

2. Let G be a finite p-group and let C(G) denote the center of G. Show that if N is a non-trivial
normal subgroup of G then N ∩ C(G) is a non-trivial normal subgroup of G.

Part II

1. (a) Show that the polynomial x + 1 is a unit in the power series ring Z[[x]], but is not a
unit in Z[x].

(b) Show that x2 + 3x+ 2 is irreducible in Z[[x]], but not in Z[x].
2. Prove that the quotient ring Z[i]/I is finite for any nonzero ideal I of Z[i].

Part III

1. Let R be an integral domain. Prove that R is a field if and only if every R-module is
projective.

2. Let R be an integral domain and let Q be its field of fractions. If A is an R-module, prove
that every element of Q⊗R A can be written as a simple tensor q⊗ a for q ∈ Q and a ∈ A.

Part IV

1. Let F be a field of prime characteristic p. Suppose E = F (α) is a simple extension such
that α /∈ F but αp − α ∈ F.
(a) Find [E : F ].
(b) Prove that E/F is a Galois extension.
(c) Find the Galois group Gal(E/F ).
[Hint: Note that (x+ 1)p − (x+ 1) = xp − x in characteristic p.]

2. Let ζ := e2πi/7 be a primitive 7th root of unity and consider the field extension Q(ζ)/Q.
(a) Prove that there exists an element α ∈ Q(ζ) such that [Q(α) : Q] = 2.
(b) Express α explicitly as a polynomial in ζ.

1



ALGEBRA PRELIMINARY EXAMINATION
SPRING 2023

� Attempt all four parts. Justify your answers.

� Note: Rings are assumed to be commutative and with 1 ̸= 0. Modules are assumed to be
unitary left modules. Q denotes the field of rational numbers and Fq denotes a finite field
of q elements.

Part I.

1. Show that if G is a group of order 2023, then G is an Abelian group.

2. Let G be a group of order 3202 and let C(G) denote the center of G. Show that either G is cyclic or
C(G) is trivial. (Hint: 1601 is a prime number.)

Part II.

1. Given Principal Ideal Rings A and B, show that the product-ring A×B is a Principal Ideal Ring.

2. Suppose n is a positive integer and R is a ring with only n (distinct) maximal ideals such that RM (=
localization of R at the maximal ideal M) is a field for each maximal ideal M of R. Show that there are
fields K1, . . . ,Kn such that R is isomorphic (as a ring) to the product-ring K1 × · · · ×Kn.

Part III.

1. Let R be a Principal Ideal Domain and let J be a nonzero proper ideal of R. Suppose n is a positive
integer and h : Rn −→

⊕
1≤m≤2n R/Jm is a R-module homomorphism. Show that h is neither injective

nor surjective.

2. Let R be an integral domain with quotient-field K and let M be a R-submodule of K. For an integer
n ≥ 2, suppose the n-fold tensor product M ⊗R M ⊗R · · · ⊗R M is a torsion-free R-module. Then, given
a permutation σ of {1, 2, . . . , n} and x1, . . . , xn ∈ M , show that

x1 ⊗ x2 ⊗ · · · ⊗ xn = xσ(1) ⊗ xσ(2) ⊗ · · · ⊗ xσ(n) (in M ⊗R M ⊗R · · · ⊗R M).

Part IV.

1. Let K < L be fields such that [L : K] = 2. Let E be a purely transcendental field-extension of L of finite
transcendence degree. If the fixed-field of G := Aut(E/K) is L, then show that L is purely inseparable
over K.

2. Let K be a field and let X be an indeterminate. For an integer n, define

fn := X3 − (4n2 + 2n+ 7)X − (4n2 + 2n+ 7) ∈ K[X]

and let G(n, K) denote the Galois-group of fn over K. For each integer n, determine up to isomorphism,
the groups G(n, F2), G(n, Q) and G(n, F3).







Algebra Preliminary Examination

August 2021

Attempt all questions, and justify each answer.

Part I

1. Let G be a group. Recall that the commutator subgroup ŒG ; G� of G is the subgroup generated

by all commutators Œg1 ; g2� D g�1
1 g�1

2 g1 g2 .g1; g2 2 G/ . Also recall that a subgroup H of

G is characteristic in G , written H charG , if each automorphism of G maps H onto itself.

(a) Define subgroups G.n/ .n 2 Z ; n � 0/ inductively as follows:

G.0/ D G ; G.nC1/ D ŒG.n/ ; G.n/� :

Prove that G.n/ charG for all n � 0 .

(b) Suppose that G is a non-trivial finite group, such that G.n/ D 1 for some n > 0 . Prove that

G has a non-trivial characteristic subgroup of prime power order. (Hint: consider the subgroup

G.n�1/ , where n is the smallest integer for which G.n/ D 1 .)

2. The holomorph of a groupG , denoted Hol.G/, is defined to be the semidirect productGÌ�Aut.G/,

where � W Aut.G/ ! Aut.G/ is the identity map. Thus we may identify Aut.G/ with the subgroup

K D f.1 ; �/ W � 2 Aut.G/g of the semidirect product Hol.G/ . As usual we identify G with

the (normal) subgroup f.g ; 1/ W g 2 Gg of Hol.G/ .

LetG D f1 ; z1 ; z2 ; z3g be the non-cyclic group of order 4 (i.e. G is isomorphic to Z=2Z�Z=2Z).

Prove that Hol.G/ is isomorphic to the symmetric group S4 . (Hint: Consider the action by left

multiplication of Hol.G/ on the four left cosets K ; z1K ; z2K ; z3K of K .)

Part II

1. Let R be an integral domain with the property that every ideal generated by two elements of R is

principal.

(a) Prove that every finitely generated ideal of R is principal.

(b) Suppose that R also satisfies the ascending chain condition on principal ideals, i.e. given any

chain of principal ideals I1 � I2 � I3 � : : : , there exists a positive integer k such that Ik D IkCn

for all positive integers n . Prove that R is a principal ideal domain.

2. Recall that an element e of a ring R is idempotent if e2 D e . In this question all rings are assumed

to be commutative and with 1 ¤ 0 .

(a) Let R be a ring containing an idempotent e distinct from 0 ; 1 . Prove that R is isomorphic

to a direct product of two rings. (Hint: if e is idempotent, then so is 1 � e .)

(b) Suppose that R is a finite ring and that every element of R is idempotent. Prove that R is

isomorphic to the direct product of finitely many copies of the field with two elements.



Part III In this part, all R–modules M are assumed to be unital, i.e. 1:m D m for all m 2 M .

1. Recall that given left R–modules D ; M ; N , anR–module homomorphism � W M ! N induces

a homomorphism of Abelian groups �0 W HomR.D;M/ ! HomR.D;N / given by �0.˛/ D � ı˛ .

Let R be a ring with 1 ¤ 0 and let D ; L ; M ; N be left R–modules. Prove that if the sequence

0 ! L
�
! M

 
! N ! 0

of module homomorphisms is exact, then the sequence of induced homomorphisms of Abelian

groups

0 ! HomR.D;L/
�0

! HomR.D;M/
 0

! HomR.D;N /

is also exact.

2. Let I D .2; x/ be the ideal generated by 2 and x in the ring R D ZŒx� , x being an indeterminate.

The ring R=I Š Z=2Z inherits from R a natural R–module structure, with annihilator I .

(a) Show that there is anR–module homomorphism from I˝R I to Z=2Z mapping p.x/˝q.x/
to
p.0/

2
q0.0/ , where q0 denotes the usual polynomial derivative of q .

(b) Show that 2˝ x ¤ x ˝ 2 in I ˝R I .

Part IV In this part, x denotes an indeterminate.

1. This question concerns the polynomial f .x/ WD xp
n � x C 1 2 FpŒx� .n � 1/ . We take some

fixed algebraic closure A of Fp , and denote by Fpk the unique field of order pk contained in A .

You may assume that each extension of finite degree of Fp is Galois over Fp , with cyclic Galois

group generated by the Frobenius automorphism � W a 7! ap .

(a) Let E be the splitting field over Fp of f .x/ D xp
n � x C 1 in A . Show that E contains

Fpn as a subfield. (Hint: If ˛ is a root of f .x/ , then so is ˛ C a for each a 2 Fpn .)

(b) Determine the order of the Frobenius automorphism � W E ! E ; � W ˇ 7! ˇp . (Hint: First

compute �n.˛/ , where ˛ is a root of f .x/ .)

(c) Show that if f .x/ is irreducible over Fp , then pn D pn .

[Observation (you may omit the easy proof): from pn D pn it follows that n D 1 or n D p D 2 .]

2. Determine the Galois group over Q of x4 C 9 , describing how each automorphism permutes the

roots of this polynomial.



Algebra Preliminary Examination

January 2021

Attempt all questions, and justify each answer.

Part I

1. Let p be a prime, and let Sp denote the symmetric group of degree p . Prove that if P is a

subgroup of Sp of order p , then the normalizer of P in Sp has order p.p � 1/ .

2. Classify, up to isomorphism, the groups of order 63 .

Part II

1. A local ring is a commutative ring with 1 ¤ 0 that has a unique maximal ideal. Prove that if R

is a local ring with maximal ideal M , then every element of R nM is a unit. Also prove that if

R is a commutative ring with 1 ¤ 0 , in which the set of nonunits forms an ideal M , then R is a

local ring with maximal ideal M .

2. Let p 2 ZC be prime, and let ZŒi � denote the usual ring of Gaussian integers f aCbi j a ; b 2 Z g .

For which p is the quotient ring ZŒi �=.p/ (i) a field, (ii) a product of fields? Justify your answer.

(You may use the following facts: (i) ZŒi � is a Euclidean Domain with respect to the field norm,

hence is also a Unique Factorization Domain, and (ii) a prime p 2 ZC with p � 1 .mod 4/ can

be written as the sum of two integer squares.)

Hint: Use the Chinese Remainder Theorem where appropriate. Also note that a product of fields

cannot contain a nonzero nilpotent element.

Part III

1. Let V be a finite dimensional vector space over a field F , and let v1 ; v2 be nonzero elements of

V . Prove that v1 ˝ v2 D v2 ˝ v1 in V ˝F V if and only if v1 D �v2 for some � 2 F .

2. Let R be a ring with 1 ¤ 0 , let P;M;N be R–modules, and let there be an exact sequence of

R–module homomorphisms M
�! N ! 0 .

(a) Prove that if P is a direct summand of a freeR–module, then the induced sequence of Abelian

group homomorphisms

HomR.P;M/
�0

! HomR.P;N / ! 0

is exact. (Here �0 is the homomorphism  7! � ı  .)

(b) Show by means of an example that in general the induced sequence HomR.P;M/
�0

!
HomR.P;N / ! 0 need not be exact.

Note: For this question do not assume any result concerning projective modules.



Part IV In this part, x denotes an indeterminate.

1. This question concerns the splitting field over Q of the polynomial x4 � 2x2 � 2 2 QŒx� .

(a) Prove that x4 � 2x2 � 2 is irreducible over Q , and that its roots in C are ˙˛ ; ˙ˇ , where

˛ D
√

1C
p
3 ; ˇ D

√

1 �
p
3 .

(b) Prove that Q.˛/ ¤ Q.ˇ/ , and that ŒQ.˛; ˇ/ W Q.˛/� D 2 .

(c) Prove that the splitting field of x4 � 2x2 � 2 has degree 8 over Q , and that the Galois group

of this polynomial over Q is dihedral of order 8 .

Hint for (c): The Galois group acts faithfully on the set of roots of the polynomial.

2. Let Fp denote the field of order p , let f 2 FpŒx� be irreducible over Fp , and let K be a splitting

field for f over Fp .

Let L be an intermediate field, i.e. Fp � L � K . Prove that the irreducible factors of the

polynomial f in LŒx� all have the same degree.

Hint: Here is one approach. Let g 2 LŒx� be a factor of f that is irreducible in LŒx� , and let

˛ be a root of g in K . Consider the relationship between ŒL.˛/ W L� and ŒK W L� .



Algebra Preliminary Examination

August 2020

Attempt all questions, and justify each answer.

Part I

1. Let P be a Sylow p–subgroup of a finite group G . If p is the smallest prime dividing jGj and

P is cyclic, prove that NG.P / D CG.P / . (Recall that NG.P / ; CG.P / denote the normalizer

and centralizer of P in G , respectively.)

(Hint: Consider the order of the automorphism group of P and the action of NG.P / on P by

conjugation.)

2. (a) Prove that a group of order 105 contains a cyclic normal subgroup of order 35 .

(b) Prove that, up to isomorphism, there is just one non-Abelian group of order 105 .

In parts II, III and IV, X denotes an indeterminate.

Part II

1. Let R be a commutative ring with 1 ¤ 0 . Recall that R is Artinian if it satisfies the descending

chain condition on ideals, i.e. if I1 � I2 � : : : is a descending chain of ideals of R , then there

exists k 2 ZC such that Im D Ik for all m > k .

Let S be an arbitrary commutative ring with 1 ¤ 0 , and let J denote the Jacobson radical of

SŒX� . Prove that SŒX�=J is not Artinian.

2. Let R be the subring of QŒX� consisting of all polynomials whose constant term is an integer.

(a) Prove that R is an integral domain in which every irreducible element is prime.

(b) Prove that R is not a Unique Factorization Domain.

(Hint: Consider factorizations of the element X .)

Part III

1. Let k be a field, and let R D M2.k/ be the ring of 2�2 matrices over k . Let P be the set of 2�1
matrices over k : then P is an Abelian group under matrix addition, and left matrix multiplication

of elements of P by elements of R accords P the structure of a left R–module.

Prove that the R–module P is projective, but not free.

2. Let R D ZŒX� , let I � R be the ideal generated by 2;X , and let M D I ˝R I .

Prove that the element 2˝2 C X˝X 2 M cannot be written as a simple tensor a˝b .a ; b 2 I / .

(Hint: Use a suitable R–module homomorphism defined on M .)



Part IV

1. Prove that Q.
√

5C 2
p
5/ is a Galois extension of Q , and determine its Galois group.

2. Let F be a field (possibly infinite) of finite characteristic p , and let a 2 F be an element not of

form bp � b for any b 2 F . Let f D Xp �X � a 2 F ŒX� .

(a) Prove that the polynomial f is separable and irreducible over F .

(b) Prove that if ˛ is a root of f in an extension field of F , then F.˛/ is a splitting field for f

over F .

(Hint: Consider the effect of substituting X C 1 for X in the polynomial f .)












































