
Analysis Preliminary Exam – August 2024

The exam has 9 problems. In the problems below, m denotes the Lebesgue measure on
R, D denotes the unit disk {z ∈ C : |z| < 1}, and B(a, r) denotes the open disk in C with
center a ∈ C and r > 0.

1. Let (X,M, µ) be a measure space such that there exist sets En ∈ M (n ≥ 1) with
µ(En) > 0 and µ(En) → 0. Show that there exist disjoint sets Fn ∈ M (n ≥ 1) with
µ(Fn) > 0 and µ(Fn)→ 0.

2. Determine all holomorphic functions f on B(0, 2) that have a simple zero at 1/2, a
double zero at 0 and |f(z)| = 1 on ∂D.

3. Let fn : R→ [0,∞) be Lebesgue measurable functions. Show that for every t > 0 we
have:

m({x ∈ R : lim inf
n→∞

fn(x) > t}) ≤ lim inf
n→∞

m({x ∈ R : fn(x) > t}.

4. Evaluate the integral ∫ ∞
0

x1/3

x2 + 4
dx.

Justify fully your answer.

5. Let µ, ν be two Borel measures on R. For every E Borel subset of R, define µ∗ ν(E) =∫
R

∫
R χE(x+ y)dµ(x)dν(y).

(1) Show that µ ∗ ν is a Borel measure on R.
(2) If µ is finite and ν � m, show that µ ∗ ν � m.

6. Let f be analytic in D. Show that

lim sup
|z|→1

∣∣∣∣f(z)− 1

z

∣∣∣∣ ≥ 1.

7. Let f ∈ L2([0,∞),m).

(1) Show that for every x > 0 we have∣∣∣∣ 1√
x

∫ x

0

f(t) dt

∣∣∣∣ ≤ ‖f‖2.
(2) Show that

lim
x→∞

1√
x

∫ x

0

f(t)dt = 0.

Hint: Approximate f in ‖‖2 by simple functions.

8. Let fn : [0, 1] → R be Lebesgue measurable functions (n ≥ 1) such that fn converges
pointwise to 0 a.e.[m]. Show that there exist n1 < n2 < n3 < ... natural numbers such
that Σk≥1|fnk

| converges a.e.[m].
Hint: Use Egorov’s Theorem.
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9. Let z1, z2, z3 be three points in the complex plane forming an equilateral triangle of side-
length 1. Let Ω be the intersection of the discs B(z1, 1/

√
2), B(z2, 1/

√
2), and B(z3, 1/

√
2)

(shaded region in the figure). Find a conformal map from Ω onto D. You can leave your
answer as the composition of conformal maps.

Hint: All circular arcs intersect orthogonally.



Analysis Preliminary Exam – January 2024

A region is a non-empty, open, and connected subset of C.

1. Let (X,M, µ) be a measure space. Let f1 ≤ f2 ≤ f3 ≤ ... be an increasing sequence of
real-valued measurable functions on X. If fn converges in measure to some function f , show
that fn converges pointwise almost everywhere to f .

2. Let f(z) = 1
(1+z2)(2−z)2 . Determine the principal part of f at z = 2 and determine the region

where the Laurent series of f at z = 2 converges.

3. Let µ, ν be two measures on a measurable space (X,M) satisfying the following property: for
every ε > 0 there exists a set E ∈M with µ(E) < ε and ν(Ec) < ε.

Show that there exists a set E ∈M such that µ(E) = ν(Ec) = 0.

4. Let S = {z = x + iy : x, y ≥ 0} and let f be analytic in an open set containing S and such
that zf(z)→ 0 as |z| → ∞, z ∈ S. Prove that

lim
b→∞

∫ b

0

f(t)eitdt = i

∫ ∞
0

f(it)e−tdt.

5. Let (X,M, µ) be a σ-finite measure space. Show that L24(X,µ) ⊆ L20(X,µ) if and only
µ(X) <∞.

6. Let G ⊆ C be a region. Determine all analytic f : G→ G that satisfy f(z) = f(f(z)) for all
z ∈ G.

7. Let f : [0, 1]→ R be continuous. Prove that∫ 1

0

|f(x)|
x1/3

dx ≤ 22/3

(∫ 1

0

|f(x)|3 dx
)1/3

and determine for which functions equality can be attained.

8. Suppose that {fn} is a sequence of holomorphic functions in a region Ω ⊂ C satisfying that
|fn(z)−2024| ≥ 1 for all z ∈ Ω and all n ∈ N. Show that fn has a subsequence that converges
locally uniformly to a holomorphic function f on Ω, or it has a subsequence that converges
locally uniformly to infinity.

9. For E ⊂ R and n ∈ N, let En be the set of all x ∈ R for which there exists y ∈ E satisfying
|x− y| < 1/n.

(a) Prove that if E is compact then limn→∞m(En) = m(E).

(b) Give an example of a measurable set E for which limn→∞m(En) 6= m(E).



Analysis Preliminary Exam – August 2023

Let D = {z ∈ C : |z| < 1}.

1. Prove or disprove: There is a holomorphic function f on

P = {z ∈ C : 0 < |z| < 1}

such that f ′ has a simple pole at z = 0.

2. Let fn be Lebesgue measurable functions on [0, 1] such that ‖fn‖2023 ≤ 2023 for all n ≥ 1 and

fn converges to 0 pointwise almost everywhere on [0, 1]. Prove that
∫ 1

0
|fn|dm→ 0.

3. Let Ω = {x + iy : x > 0 and y > 0} \ {reiπ/4 : r ≥ 1}. Determine an explicit conformal map
from Ω onto D. You may express your answer as a composition of explicit maps.

4. Let f ∈ L1(R) and p > 0. Prove that

lim
n→∞

n−pf(nx) = 0

for m-a.e. x ∈ R.

Hint: Show that
∑

n∈N n
−pf(nx) converges a.e..

5. Consider a rational function f = p/q where q is a polynomial of degree n ≥ 2 and p is a
polynomial of degree n − 2 or less. Let z1, . . . , zm be the distinct zeros of q. Show that∑m

k=1 Res(f, zk) = 0.

6. Let p > 1 and f : [0, 1]→ R be a function such that

n∑
i=1

|f(bi)− f(ai)|p

(bi − ai)p−1
≤ 2023

whenever (a1, b1), . . . , (an, bn) disjoint intervals in [0, 1]. Prove that f is absolutely continuous.

7. Let g : D → {z : |z| ≤ 5} be holomorphic with g(0) = 2i. Prove that g has no zeros in the
set {z : |z| ≤ 1/5}.

8. Let (fn)n∈N be Lebesgue measurable nonnegative functions on [0, 1]. Show that there exist
constants cn > 0 such that

∑
n≥1 cnfn(x) converges for almost all x ∈ [0, 1].

9. Let fn : D→ D be analytic functions such that fn → 0 pointwise on {z ∈ C : |z| < 1/2}. Show
that fn → 0 locally uniformly in D (in other words, show that fn converges to 0 uniformly on
each compact subset of D).











ANALYSIS PRELIMINARY EXAM – JANUARY 2022

Notation: D = {z ∈ C : |z| < 1} and H = {z ∈ C : Im z > 0}.

1. Show that for any ε ∈ [0, 1) there is a constant C < ∞ depending only on ε such that if
f : D→ C is analytic, then for all z ∈ D with |z| ≤ ε we have

|f ′(z)| ≤ C
∫
D
|f(x+ iy)| dy dx.

2. Let G ⊂ C be an open simply connected domain that is not C, and let f : G→ G be analytic
but not the identity. Show that f has at most one fixed point (that is, there exists at most one
z ∈ G such that f(z) = z).

3. Let g be a real-valued measurable function on [0, 1]. Assume that for any f ∈ L1([0, 1]) we
have fg ∈ L1([0, 1]). Show that g ∈ L∞([0, 1]).

4. Let a ∈ C with Re a > 0. How many solutions does the equation

a− z − e−z = 0

have on the half-plane {z : Re z > 0}?

5. Find with proof the limit

lim
n→∞

∫ 1

0

nxn

1 + x
dx.

6. Let f : R→ R be a function. Let E be the set of all points x ∈ R such that f is continuous
at x. Show that E is a Borel set.

7. Prove that there is no one-to-one analytic function mapping the annulus {z : 0 < |z| < 1}
onto the annulus {z : 1/2 < |z| < 2}.

8. Let E ⊂ R be a nonempty Borel measurable set and let f ∈ L1(E). Show that for each 0 ≤
a ≤

∫
E |f | dm, there exists a nonempty Borel measurable set Ea ⊂ E such that

∫
Ea
|f | dm = a.

9. Does there exist an entire function f such that f(0) = 0, f(i) = i, and |f(z)| ≤ |z|2/3 for all
z ∈ C? Justify your answer.
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ANALYSIS PRELIMINARY EXAM – AUGUST 2021

Notation: D = {z ∈ C : |z| < 1} and H = {z ∈ C : Im z > 0}.

1. Construct a 1-to-1 conformal map of the upper half-plane H onto the domain

D =
{
z ∈ C : |z| > 1 and |z − i| <

√
2
}
.

A sequence of explicit functions and the order in which they are to be composed to give the final mapping
will suffice.

2. Given a ∈ R, compute (with proof) the integral∫ ∞
−∞

cos(ax)

1 + x2
dx.

3. Let K(x, y) be Lebesgue measurable on R2 such that for some C > 0∫ ∞
−∞
|K(x, y)| dy ≤ C, for a.e. x ∈ R,∫ ∞

−∞
|K(x, y)| dx ≤ C, for a.e. y ∈ R.

For 1 ≤ p <∞ and f ∈ Lp(R), define

Tf(x) =

∫ ∞
−∞

K(x, y)f(y) dy.

Show that Tf ∈ Lp(R) and that ‖Tf‖p ≤ C‖f‖p.

4. Let µ be a finite measure on a measurable space (X,M) and suppose that {En}n∈N are measurable
sets with µ(En) ≥ α for all n ∈ N. Let E = {x ∈ X : x ∈ En for infinitely many n}. Show that E is
measurable and that µ(E) ≥ α.

5. Let

f(z) =
1

z − 1
− 1

z + 1
=

2

z2 − 1
defined on the domain U = C \ [−1, 1]. Show that

∫
γ
f(z) dz = 0 for any closed rectifiable curve γ in U .

6. Let U be a connected open subset of C and let (fn)n∈N be a sequence of holomorphic functions
defined on U . Suppose that fn → f uniformly on compact subsets of U and that the functions fn are
nonvanishing on U . Show that, either f is nonvanishing, or f is identically zero.

7. Let f : [0, 1]× D→ D be a measurable function such that z 7→ f(t, z) is holomoprhic for all t ∈ [0, 1].
Show that the function

F (z) =

∫ 1

0

f(t, z) dt

is holomorphic in D.

8. Let f : R→ R be a nonnegative measurable function such that

sup
n∈N

∫ ∞
−∞
|x|nf(x) dx <∞.

Show that f(x) = 0 for a.e. x ∈ (−∞,−1) ∪ (1,∞).

9. Let (fn)n∈N be a sequence of functions in L1(R) such that for all continuous and compactly supported
functions g

lim
n→∞

∫ ∞
−∞

fn(x)g(x) dx = g(0).

Prove that the sequence (fn)n∈N is not Cauchy in L1(R).
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PRELIMINARY EXAMINATION IN ANALYSIS–AUGUST 2020

Notation: D = {z ∈ C; |z| < 1}.

1. Construct a 1-1 conformal map of D ∩ {Re(z) > 0} onto D.

2. If f ∈ H(D) wiith f(D) ⊂ D, how big can |f ′(12)| be? (You should
explicitly display and extremizing function.)

3. Compute ∫ ∞
−∞

cosx

1 + x2
dx.

4. Find, with proof:

lim
n→∞

∫ ∞
0

n2x

1 + x2
e−n

2x2
dx.

5. let 1 < p, q, r < ∞ with 1
p + 1

q = 1
r . Show that if f ∈ Lp(R) and

g ∈ Lq(R), then fg ∈ Lr(R) and:

||fg||Lr ≤ ||f ||Lp ||g||Lq .

6. Suppose that ||fn||L2[0,1] ≤ 1 for n = 1, 2, . . . and fn → 0 a.e. Show
that ||fn||L1[0,1] → 0. (Hint: use Egorov’s theorem.)

7. Find a closed set C ⊂ L2([0, 1]) with inff∈C ||f ||L2[0,1] = 1 but
||f ||L2[0,1] > 1, for any f ∈ C.

8. Show that ∀ε > 0∃δ > 0 with the following property:
If f ∈ H(D) with f(D) ⊂ D and |f(x)| < δ for −1

2 ≤ x ≤ 1
2 , then

|f(12 i)| < ε.
Hint: use a normal family argument.

9. Let f ∈ L2[−1, 1]. Show that ∀z ∈ C the function t 7→ f(t)eitz is
integrable, and that:

F (z) =

∫ 1

−1
f(t)eitzdt

is an entire function.
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