
PDE Preliminary Exam, August 2024

For r > 0 , let Br = {x ∈ Rn : |x| < r}, ∂Br = {x ∈ Rn : |x| = r}.
The unit parabolic cylinder is Q = B1 × (0, 1] with parabolic boundary
∂pQ = (B1 × {0}) ∪ (∂B1 × (0, 1]).

1. Let Ω = {(x, t) : x ∈ R, t > 0}. Assume a ∈ C∞(R), a ≥ 0 on R and
f ∈ C∞

0 (R), f ≥ 0 on R. Suppose u(x, t) ∈ C1(Ω) is a solution of

ut + a(t)ux = −u on Ω,

(1)

u(x, 0) = f(x), x ∈ R.

(a) For each t > 0, prove that u(·, t) has compact support and is nonnegative
on Ω. Find a formula for u on Ω.
(b) Let p ∈ [1,∞) and

E(t) =

∫
R
up dx, t ≥ 0.

Prove E(t) = ce−pt for all t ≥ 0 with c =
∫
R fp dx.

(c) Prove uniqueness of the solution u ∈ C1(Ω) in (1).

2. Let Ω = {(x, y) ∈ R2 : |x| < 1, y > 1/(1 − x2)}, k ∈ R. Suppose
u ∈ C2(Ω) satisfies ∆u = 0 on Ω, u = 0 on ∂Ω, and the growth condition
|u(x, y)| ≤ eky, (x, y) ∈ Ω. Prove there exists k0 > 0 such that for all k < k0,
then u = 0 on Ω. Specify k0.
Hint: Compare u with v on the domain Ω∩{y < R}, where v is a harmonic
function defined on Ω

′
= (−1, 1)× R+, v = 0 on ∂Ω

′
.

3. Let Ω ⊂ Rn open, bounded, ∂Ω ∈ C∞ (smooth boundary). Let

λ1(Ω) = inf

{∫
Ω
|∇u|2 dx

/∫
Ω
u2 dx : u ∈ C1(Ω), u|∂Ω = 0, u ̸= 0

}
and assume λ1(Ω) > 0. Consider the boundary value problem, u ∈ C2(Ω)∩
C1(Ω),

−∆u =
u

1 + u2
on Ω,

(2)

u = 0 on ∂Ω.
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(a) Prove, if λ1(Ω) ≥ 1, then (2) has only the trivial solution u ≡ 0 on Ω.
(b) Find F : R → R such that the following is true: If u minimizes

I[u] =

∫
Ω

(
1

2
|∇u|2 + F (u)

)
dx

among all u ∈ C2(Ω) ∩ C1(Ω), u|∂Ω = 0, then u satisfies (2).
(c) Give a finite lower bound (depending only on Ω) for I[u] among all
u ∈ C1(Ω), u|∂Ω = 0 (the inequality ln(1 + t) ≤ δt + Cδ, for t ≥ 0, δ ∈
(0, 1], Cδ = ln 1

δ − (1−δ) may be useful and can be assumed without proof).
(d) If λ1(Ω) < 1, prove inf I[u] < 0 where the infimum is over all u ∈
C1(Ω), u|∂Ω = 0.
Hint: Seek v with I[v] < 0 among functions with sufficiently small sup over
Ω.

4. Let θ ∈ (0, 1) and define ρ(t) = (1 − θ2)t + θ2, v(x, t) = ρ(t) − |x|2.
Let E = {(x, t) ∈ Q : |x|2 < ρ(t)} (Q = unit parabolic cylinder) and
u(x, t) = v(x, t)2ρ(t)−q for (x, t) ∈ E. Prove there exists q0 ≥ 2 (depending
on n, θ) such that, for all q ≥ q0, we have

ut −∆u ≤ 0 on E.

5. (a) Define v(x, t) = e−γt(1 − |x|2)2 on the unit parabolic cylinder Q.
Prove there exists γ0 > 0 sufficiently large (depending on n) so that, for all
γ ≥ γ0,

vt −∆v ≤ 0 on Q.

(b) Prove there exists β ∈ (0, 1) (depending only on n) such that for every
u ∈ C∞(Q) ∩ C(Q) satisfying

ut −∆u ≤ 0 on Q, u(x, 0) ≤ 0 for all x ∈ B1,

we have
u(x, 1) ≤ β sup

∂pQ
u+ for all x ∈ B1/2.

Here u+ = max{u, 0}.
Hint: To prove (b), let M = sup∂pQ u+ and consider the cases M = 0
and M > 0. For M > 0, use (a) and apply the maximum principle to
ϕ(x, t) = u(x, t)−M +Mv(x, t), (x, t) ∈ Q.

6. Let T > 0 and define the backward cone Ω = {(x, t) ∈ Rn × R : 0 ≤ t ≤
T, |x| ≤ T − t} with base B = {(x, 0) : |x| ≤ T}. Let f, g ∈ C0(B), h ∈
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C0(Ω) and consider the initial value problem

utt −∆u = hu2t on Ω,

(3)

u = f, ut = g on B.

If u1, u2 ∈ C2(Ω) are solutions of (3), prove u1 = u2 on Ω.

7. (a) Find a solution w ∈ C2(Rn × [0, 1)) of

wtt −∆w = tw2
t on Rn × [0, 1),

w = 0, wt = 2 on Rn × {0}.

(b) Let g ∈ C∞
0 (Rn) such that g(x) = 2 for |x| ≤ 1. Suppose u ∈ C2(Rn ×

[0, 1)) is a solution of

utt −∆u = tu2t on Rn × [0, 1),

u = 0, ut = g on Rn × {0}.

Prove limt→1− u(0, t) = +∞.
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PDE Prelim – Jan 2024

Question 1: Consider the equation

xux + 2uy = 1.

(a) Solve the equation with the condition u(x, 0) = x2.

(b) Find the condition on g : R → R so that the equation with the condition u(x2, 4x) =
g(x) has a solution.

Question 2: Let n ∈ N and n ≥ 2. For R > 0 and δ ∈ (0, 1], we denote

BR,δ =
{

x = (x′, xn) ∈ R
n−1 × R : |x′| < R and 0 < xn < δR

}

.

(a) Let f : B1,1 → R be a bounded function and let

w(x) =
(

1− |x′|2 + δ−1(1/2 +M)(xn − δ)
)

xn, x = (x′, xn) ∈ B1,1

where M = sup
x∈B1,1

|f(x)| and δ ∈ (0, 1). Prove that there is δ0 ∈ (0, 1) depending only

on n such that
∆w ≥ f on B1,δ,

for all δ ∈ (0, δ0).

(b) Let u ∈ C2(B1,1) ∩ C(B1,1) be a non-negative function that solves the equation

∆u = f in B1,1.

Prove that for each δ ∈ (0, δ0)

inf
|x′|<1

xn=δ

u(x′, xn)

xn
≤ 4



 inf
|x′|<1/2
0<xn<δ

u(x′, xn)

xn
+ sup

x∈B1,1

|f(x)|



 .

Hint: For (b), one may start with assuming that

inf
|x′|<1

xn=δ

u(x′, xn)

xn
= 1

then use the maximum principle for u−w on B1,δ to derive the result. The general case can
be derived by a scaling argument.

Question 3:

(a) Prove: If u is a C2 function such that u2 is subharmonic, and u4 superharmonic in a
domain Ω, then u is constant there.
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(b) Prove the same with assuming only u ∈ C0, with sub/super-harmonicity defined in this
case in terms of spherical means.

Question 4: Suppose u is a classical solution to the heat equation ut = uxx on [a, b] × R+

with boundary conditions u(a, t) = 0 = u(b, t). Suppose (v,w) 7→ F (v,w) is a convex C2-

function of its two arguments, i.e.,
[

Fvv Fvw

Fvw Fww

]

is positive semidefinite. Further assume that

Fv(0, w) = 0. Prove that E(t) :=
∫ b
a F (u, ux) dx is non-increasing as a function of t.

Question 5:

(a) Prove that the problem

ut = ∆u+m|∇u|2 in R
n × ]0,∞[

u(x, 0) = u0(x)

has a unique classical solution (with no growth condition at infinity for the solution
assumed) for any bounded and continuous initial condition u0, and write down an
integral formula for this solution. Hint: Substitute v = exp[mu].

(b) Now consider the same equation on a bounded domain with homogeneous Dirichlet
boundary conditions (compatible with the initial conditions): u(·;m) satisfies

ut = ∆u+m|∇u|2 in Ω× ]0,∞[
u(x, 0) = u0(x)
u(x, t) = 0 for x ∈ ∂Ω, t ≥ 0

Compare the equation

wt = ∆w + g(x)|∇w|2 in Ω× ]0,∞[
w(x, 0) = u0(x)
w(x, t) = 0 for x ∈ ∂Ω, t ≥ 0

where m ≤ g(x) ≤ M .

Prove that u(x, t;m) ≤ w(x, t) ≤ u(x, t;M).
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Question 6: Consider the IVP for the 3D wave equation with spherical symmetry

utt(X, t) = c2∆u(X, t), t > 0 and X = (x, y, z) ∈ R
3

u(X, 0) = 0

ut(X, 0) = h(r)

where r := |X| =
√

x2 + y2 + z2 and h(r) is a smooth function with compact support in R
3.

(a) Find the IVP satisfied by u(r, t) with respect to (r, t) variables.

(b) Show that v(r, t) := ru(r, t) satisfies the 1D Initial-BVP wave equation

vtt = c2vrr, r ≥ 0, t > 0

v(0, t) = 0, t > 0

v(r, 0) = 0, r ≥ 0

vt(r, 0) = rh(r), r ≥ 0

and solve it. Hint: What IVP does the odd extension (in r) of v solve?

(c) Find a solution formula to the IVP in part (a) for u by using the solution v(r, t) of
part (b).

Question 7: Let Ω ⊂ R
n be a bounded domain with smooth boundary. Assume that

u(x, t) is a smooth function on Ω× [0,∞) solving the initial-BVP

utt −∆u+ V (x)u = h(x), x ∈ Ω, t > 0

u(x, 0) = f(x), x ∈ Ω

ut(x, 0) = g(x), x ∈ Ω

u+
∂u

∂n
= 0 x ∈ ∂Ω, t ≥ 0

(∗)

where f(x), g(x), V (x), and h(x) are smooth functions on Ω.

(a) Assuming h = 0, show that

E(t) =
1

2

∫

Ω

(ut(x, t))
2 + |∇u(x, t)|2 + V (x)(u(x, t))2dx+

1

2

∫

∂Ω
(u(x, t))2dS(x)

is a conserved quantity, i.e., E(t) ≡ constant for all t ≥ 0. What is the value of this
constant (in terms of the data in (∗))?

(b) Use part (a) to show that for any smooth f, g, h, V with V (x) ≥ 0 on Ω, the initial
BVP has at most one smooth solution.
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Prelim PDEs — August 2023

Problem 1:
Let Ω be a smooth bounded domain in Rn and f ∈ C0(R → R) strictly increasing.
Consider the boundary value problem

∆u = f(u) in Ω
u(x) + a(x)∂νu(x) = g(x) on ∂Ω

(∗)

where a and g are continuous functions on Ω̄ and a > 0. Assume u ∈ C2(Ω) ∩ C1(Ω̄)
is a solution.

(a) Show: The solution of the BVP (*) is unique.

(b) Assuming F to be an antiderivative of f , show: u solves the BVP if and only if
u minimizes the functional

I[u] :=

∫
Ω

(
1

2
|∇u|2 + F (u)) dx+

1

2

∫
∂Ω

1

a(x)
(u(x)− g(x))2 dS(x)

among all u ∈ C2(Ω) ∩ C1(Ω̄) satisfying the BC.

Problem 2:
Consider the problem

ut + uux = u− 1
4x

u(x, 0) = g(x) .

(a) Write a formula for the characteristic curves (t(τ), x(τ), z(τ)).

(b) Characterize all functions g that give rise to a global classical solution (i.e., u ∈
C1(R× R).)

Problem 3:
Prove: If eu is harmonic in Rn, then u is constant.

Problem 4:
Let Ω be a bounded smooth domain in Rn. For this problem, we may use the following
version of the weak maximum principle without proof:

Suppose that T > 0, and u ∈ C2(Ω× [0, T ]) is a solution to
ut −∆u+ c(x, t)u ≤ 0 in Ω× (0, T )

∂u

∂ν
= 0 in ∂Ω× (0, T ),

u(x, 0) ≤ 0, x ∈ Ω,

where for c0 > 0, c(x, t) ≥ −c0, and ν is the outward unit normal to ∂Ω.
Then u ≤ 0 in Ω̄× [0, T ].
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Suppose that u ∈ C2(Ω× [0,∞)) is solution to the initial-Neumann problem
ut −∆u = f(u) in Ω× (0,∞)

∂u

∂ν
= 0 in ∂Ω× (0,∞),

u(x, 0) = g(x), x ∈ Ω

where f(u) = u(1−u)(1+u) and g ∈ C0(Ω). For a given constant v0, denote by v(t; v0)
the solution to the initial value problem

dv

dt
= f(v)

v(0) = v0,
(ODE)

(a) Show that

v(t;m) ≤ u(x, t) ≤ v(t;M), ∀(x, t) ∈ Ω× [0,∞)

where m = minΩ g and M = maxΩ g

(b) Show that if g(x) > 0, for all x ∈ Ω, then limt→∞ u(x, t) = 1 uniformly for x ∈ Ω.
[Hint: What can you say about the behavior of the solution of (ODE) if v0 > 0?]

Problem 5:

Consider the following 1d diffusion equation with a nonlinear term

ut − buxx + a(ux)2 = 0 b > 0, and a 6= 0 constant. (∗)

(a) Show that the transformation v(x, t) = e−
a
b
u(x,t) transforms the nonlinear equa-

tion (∗) into
vt − bvxx = 0.

(b) Apply part (a) to find an explicit formula for a solution of the initial value problem{
ut − buxx + a(ux)2 = 0, t > 0, x ∈ R (for b > 0 and a 6= 0)

u(x, 0) = g(x),

Give a condition on the solution u that implies its uniqueness.

Question 6:
For k = 1, 2 let ϕk, ψk be smooth compactly supported functions defined on R, and
assume that uk is the solution to the wave equation

utt − a2uxx = f in R× (0,∞)
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that satisfies

u(x, 0) = ϕk(x) and ut(x, 0) = ψk(x) for x ∈ R

where a > 0 is a fixed number and f : R × [0,∞) is a given smooth function. Prove
that for every ε > 0 and T > 0, there is δ > 0 such that if

sup
x∈R
|ϕ1(x)− ϕ2(x)| ≤ δ and

(∫ ∞
−∞
|ψ1(x)− ψ2(x)|2dx

)1/2

≤ δ

then
sup

x∈R,t∈[0,T ]
|u1(x, t)− u2(x, t)| ≤ ε.

Question 7:
Let c : R3 × R→ R be a continuous function, and ϕ : R3 → R be a function such that
ϕ = 0 on B1. Assume that u is a smooth solution of the nonlinear wave equation

utt −∆u+ c(x, t)|∇u|2 + u3 = 0 in R3 × (0,∞)

that satisfies the initial data

u(x, 0) = ϕ(x), ut(x, 0) = 0 x ∈ R3.

Prove that u = 0 in the cone

K = {(x, t) ∈ R× [0,∞) : 0 ≤ t ≤ 1, |x| ≤ 1− t}.

Here Bρ is the ball in R3 with radius ρ > 0 and centered at the origin.
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PDE Preliminary Exam, August 2021

1. Suppose that g is a smooth function on R and consider the initial value problem

exux + uy = u

u(x, 0) = g(x).

Write a formula for the solution. Find the domain of definition of the solution.

2. Let B2(0) ⊂ Rn, a ball centered at the origin with radius 2 and define the operator

Lu := ∆u+ b · ∇u+ (4− |x|2)u,

where b = (b1, b2, · · · , bn) is a given vector of smooth functions on B2(0). Suppose that
for some λ > 4 the function u ∈ C2(B2(0)) satisfies

Lu = λu in B2(0)

∂u

∂n
= 0 on ∂B2(0).

(1)

(a) Show that for large η > 0 the function v(x) = e−η|x|
2−e−4η satisfies the inequality

Lv ≥ λv in B2(0) \B1(0)

v = 0 on ∂B2(0)

v > 0 on ∂B1(0).

(b) Prove that the solution u of (1) cannot attain its positive maximum in B2(0).

(c) Prove that the solution u of (1) can have no positive maximum in B2(0). [Hint:
If x0 ∈ ∂B2(0) such that u(x0) > 0 is a maximum of u, then for appropriately
chosen small ε work with the function w = u+ εv− u(x0) on B2(0) \B1(0) where
v is as in part (a).]

(d) Conclude that the solution u of (1) is identically 0.
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3. Suppose that u is harmonic on Rn and B1(0) represents the unit ball. For any t > 0
define

I(t) =

∫
∂B1(0)

u(ty)u
(y
t

)
dSy.

Show that I is a constant function.

4. Let α, γ be positive numbers, β ∈ R and b ∈ Rn be given. Consider the Cauchy
problem

αut + b · ∇u+ βu = γ∆u in Rn × (0,∞),

u(x, 0) = g(x), on Rn(2)

where g is compactly supported smooth function.

(a) Find κ, µ ∈ R and a ∈ Rn so that v(x, t) = eκtu(µx+ at, t) solves

vt = ∆v in Rn × (0,∞),

v(x, 0) = g(µx) on Rn.

(b) Write down an explicit formula for a solution u(x, t) of (2).

5. Let Ω be a bounded domain in Rn, c be continuous in Ω × [0, T ] with c ≥ −c0 for
a nonnegative constant c0, and u0 be continuous in Ω with u0 ≥ 0. Suppose that
f : R → R is continuous and xf(x) ≤ 0 for all x ∈ R. Suppose that u ∈ C2,1(Ω ×
(0, T ]) ∩ C(Ω× [0, T ]) is a solution of

ut −∆u+ cu = uf(u) in Ω× (0, T ]

u(·, 0) = u0 on Ω

u = 0 on ∂Ω× (0, T ]

Prove that
0 ≤ u(x, t) ≤ ec0T sup

Ω
u0, for all (x, t) ∈ Ω× (0, T ].

Hint: For the lower bound work on w = u e−Mt for a suitable choice of a constant M.
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6. Let Ω be a bounded smooth domain. For given smooth functions V (x) and h(x) in Ω,
consider the equation

utt −∆u+ V (x)u = h(x)u3, x ∈ Ω, t > 0

u(x, 0) = f(x), ut(x, 0) = g(x) x ∈ Ω

|x|2u+
∂u

∂n
= 0, x ∈ ∂Ω.

(a) Show that if V (x) ≥ −α for some α > 0 and any x ∈ Ω and there is a solution
u ∈ C2(Ω× [0,∞)), then it is unique.

(b) In the event f = 0 and h ≤ 0, if u ∈ C2(Ω × [0,∞)) is a solution, show that for
all t > 0 ∫

Ω

(
u2
t + |∇u|2 + V (x)u2

)
dx ≤

∫
Ω

g2dx.

7. Consider the equation

utt −∆u = −u, (x, y, t) ∈ R2 × (0,∞)

u(x, y, 0) = 0, (x, y) ∈ R2

ut(x, y, 0) = h(x, y), (x, y) ∈ R2

where h is a smooth function defined on R2. Find a formula for the solution u(x, y, t).

Hint: Introduce v(x, y, z, t) = cos(z)u(x, y, t) defined on R3 × (0,∞) and notice that
u(x, y, t) = v(x, y, 0, t).



PDE Preliminary Exam, January 2021

1. Let Ω = R2 \ {(0, 0)}. Consider the first-order p.d.e.

u2
x + u2

y = u2 on Ω

satisfying u = 1 on x2 +y2 = 1. Prove that there exist exactly two solutions
u ∈ C1(Ω). Also find lim

r→0
u(x, y), r = (x2 + y2)1/2.

2. Let 0 < R1 < R2, Ω = {x = (x1, x2) ∈ R2 : R1 < |x| < R2}, |x|2 =
x2

1 + x2
2. Suppose u ∈ C2(Ω) ∩ C0(Ω) satisfies ∆u ≥ 0 on Ω. Denote

M(r) = sup
|x|=r

u for R1 ≤ r ≤ R2. Prove

M(r) ≤ [M(R1) ln(R2/r) +M(R2) ln(r/R1)] (ln(R2/R1))−1

for r ∈ [R1, R2].
Hint: Consider an auxiliary harmonic function v(r).

3. Suppose Ω ⊂ Rn is open and bounded. Assume b1, ..., bn ∈ C1(Ω) and
let Lu = ∆u +

∑n
i=1 bi(x)uxi . Suppose u ∈ C3(Ω) satisfies Lu = 0 on Ω.

Define v = u2, w = |Du|2 =
∑n

k=1 u
2
xk

on Ω.
Prove
(a) Lv = 2|Du|2 on Ω.
(b) For some M > 0, Lw ≥ 2|H|2 −M |Du|2 on Ω; here the Hessian H =
[uxkxi ], |H|2 =

∑n
i,k=1 u

2
xkxi

.
(c) For some λ > 0, L(λv + w) ≥ 0 on Ω, and for some C > 0

||Du||L∞(Ω) ≤ C(||Du||L∞(∂Ω) + ||u||L∞(∂Ω)).

4. Let Ω ⊂ Rn be open and bounded, u0 ∈ C0(Ω), g ∈ C0(R), a(x, t) ∈
C1(Ω× [0, T ]), a ≥ 0 on Ω× [0, T ]. Assume u ∈ C2(Ω× [0, T ]) solves

ut = div(a(x, t)∇u) + g(u)|∇u| on Ω× [0,T]

with initial condition u(x, 0) = u0(x) for x ∈ Ω, and boundary condition
u(x, t) = 0 for (x, t) ∈ ∂Ω × [0, T ]. Prove that |u(x, t)| ≤ max

Ω
|u0| for all

(x, t) ∈ Ω× [0, T ].

5. Let u be the bounded solution to the initial value problem

ut = ∆u on Rn × [0,∞)
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with initial condition u(·, 0) = u0 where u0 is bounded on Rn and satisfies, for
some α ∈ (0, 1) and C > 0, |u0(x)−u0(y)| ≤ C|x−y|α, x, y ∈ Rn. Prove that
there exists a constant C1 > 0 such that |u(x, t)−u(x, s)| ≤ C1|tα/2− sα/2|
for all x ∈ Rn, s, t ≥ 0.

6. Let f : R2 → R be a function such that for every R > 0 there exists
N = N(R) > 0 such that

|f(s, t)| ≤ N(|s|+ |t|) for all (s, t) ∈ R2, |s|+ |t| ≤ R.

Let u be a smooth compactly supported solution of the nonlinear wave
equation

utt −∆u+ f(u, ut) = 0 on R3 × (0,∞).

Assune that there is x0 ∈ R3 and t0 > 0 such that

u(x, 0) = ut(x, 0) = 0 for all x ∈ B(x0, t0)

(B(x0, t0) is the open ball in R3 with radius t0 and centered at x0). Prove
that u = 0 in the cone K(x0, t0) defined by

K(x0, t0) = {(x, t) ∈ R4 : 0 ≤ t ≤ t0, |x− x0| ≤ t0 − t}.

Hint: One may consider the energy function e(t) = 1
2

∫
B(x0,t0−t)(u

2
t + |∇u|2 +

u2) dx.

7. Let g : R→ R be defined by g(x) = 1 if |x| < 1, g(x) = 0 if |x| ≥ 1. Use
d’Alembert’s formula to find the solution u of the wave equation

utt − uxx = 0 on R× (0,∞)

with u(x, 0) = x2 and ut(x, 0) = g(x), x ∈ R. Show that u is not differen-
tiable with respect to the variable t at (x0, t0) = (0, 1).
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PDE Preliminary Exam, August 2020

1. Let Ω = {(x, t) : x > 0, t > 0}. Assume f ∈ C∞(Ω), f has bounded
support and f = 0 on {t = 0}. Suppose u ∈ C2(Ω) is a solution of

ut + ux + u = f(x, t) on Ω,

u = 0 on {x = 0} ∪ {t = 0}.

(a) For each t > 0, prove that u(·, t) has bounded support.
(b) For each t > 0, prove∫ ∞

0
u2
t dx ≤

∫ t

0
es−t

∫ ∞
0

f2
t (x, s) dx ds.

(c) Prove there exists K > 0 such that
∫∞

0 u2
t dx ≤ Ke−t for all t > 0.

2. Let a > 0, Ω = (−1, 1)× (−a, a) ⊂ R2. Suppose u ∈ C2(Ω) ∩ C0(Ω) is a
solution of

∆u = −1 on Ω, u = 0 on ∂Ω.

Using the functions v(x, y) = (1 − x2)(a2 − y2), w(x, y) = 2 − x2 − y2

a2
(or

constant multiples of them), find positive bounds C1(a) and C2(a) such that

C1(a) ≤ u(0, 0) ≤ C2(a).

3. Suppose Ω ⊂ Rn (n ≥ 3) is open, bounded with C∞-smooth boundary
∂Ω. Let u ∈ C2(Ω) ∩ C0(Ω) be a solution of

−∆(u3) = u on Ω, u = 0 on ∂Ω.

(a) Using the Green’s function show there exists a constant C > 0 depending
only on Ω, but not on the solution, such that

∫
Ω |u(x)|3 dx ≤ C, and sup

Ω
|u| ≤

C.
(b) Show that, if u ≥ 0 on Ω, then either, u ≡ 0 on Ω or u > 0 on Ω.
(c) Let v be the eigenfunction corresponding to the first (least) eigenvalue
λ of −∆v = λv on Ω, v = 0 on ∂Ω (recall v > 0 on Ω). Show that, if
u ≥ v, then u3 ≥ 1

λv.

1



(d) Assuming also u3 ∈ C1(Ω), prove
∫

Ω |∇(u2)|2 dx = C1

∫
Ω u

2 dx ≤ C2

where C1, C2 depend only on Ω, not on u.

4. Let u0 : Rn → R be smooth and compactly supported, and

m =

∫
Rn

u0(y) dy.

Let u be a solution of the Cauchy problem

ut −∆u = 0 on Rn × (0,∞),

u(x, 0) = u0(x) x ∈ Rn,

with |u(x, t)| ≤ Aea|x|
2

for some fixed A, a > 0 and all (x.t) ∈ Rn × (0,∞).
Prove that there is a constant N depending only on n such that

sup
x∈Rn

|u(x, t)−m Φ(x, t)| ≤ N

t
n+1
2

∫
Rn

|y||u0(y)| dy, for all t > 0,

where Φ(x, t) = 1
(4πt)n/2 e

− |x|2
4t .

5. Let u be a smooth function on B1 × [0, 1] that satisfies the equation

a0 ut − b0 ∆u+ u = 1 on B1 × (0, 1),

u = 1 on ∂B1 × (0, 1),

u(x, 0) = 1 x ∈ B1,

where a0, b0 : B1× [0, 1]→ [0,∞) are given continuous functions (B1 = unit
ball in Rn). Prove that u ≤ 1 on B1 × [0, 1].

6. Assume that Ω ⊂ Rn is an open, bounded set with C∞-smooth boundary
∂Ω. Let T > 0, ΩT = Ω× (0, T ]. Suppose a ∈ C1(Ω), a > 0 on Ω, φ, ψ ∈
C2(Ω). Suppose u ∈ C2(ΩT ) is a solution of

utt − a(x)∆u = u3 on ΩT,

∂u

∂n
= 0 on ∂Ω× [0,T],

u = φ, ut = ψ on Ω× {t = 0}.

Prove that u is unique.

7. Assume φ ∈ C2(R) and h, ψ ∈ C1(R). Consider the initial-value problem
with u ∈ C2(R× [0,∞))

utt − uxx = h(x− t) on R× [0,∞), (1)

2



u = φ(x), ut = ψ(x) at t = 0, x ∈ R. (2)

(a) Find a solution of the p.d.e. in (1).
(b) Find a solution of (1) and (2).

3



UTK PDE Prelim Exam, Spring 2020

Question 1: Let g : R → R be a smooth function. Find solutions of the following initial-value
problem in R2

ux + (1 + x2)uy − u = 0 with u(x,
1

3
x3) = g(x).

Question 2: Let h : R→ R be a smooth function. Consider the following equation in R2

xux + yuy = 2u with u(x, 0) = h(x).

(a) Check that the line {y = 0} is characteristic at each point and find all h satisfying the
compatibility condition on {y = 0}.

(b) For h as compatible in (a), solve the PDE.

Question 3: Let φ be smooth, compactly supported function defined in the unit ball B1 ⊂ Rn
such that φ = 1 on B1/2, where B1/2 ⊂ Rn is the ball of radius 1/2 centered at the origin. Suppose
that u is harmonic in B1.
(a) Prove that there is α > 0 depending only on n and sup |∆φ| and sup |∇φ| such that

∆(φ2|∇u|2 + αu2) ≥ 0 in B1.

(b) Use part (a) and the maximum principle to conclude that there is a constant C > 0 depending
only on n, φ such that

sup
B1/2

|∇u| ≤ C sup
∂B1

|u|.

Question 4: Let B1 ⊂ R2 be the unit ball with boundary ∂B1. Let f, c ∈ C(B1) and g ∈ C(∂B1).
Assume that c(x, y) > 0 for all (x, y) ∈ B1. Prove that there exists at most one C2-solution to the
following equation {

−x2uxx − y2uyy + c(x, y)u = f in B1

u = g on ∂B1.

Question 5: Let a0 be a smooth and compactly supported function defined on Rn and p0 ∈ (1,∞).
Consider the following Cauchy problem{

ut −∆u = |u|p0−1u in Rn × (0,∞)
u(x, 0) = a0(x) x ∈ Rn. (1)

Define the scaling
uλ(x, t) = λβu(λx, λ2t), λ > 0.

(a) Find β (possibly depending on n, p0) so that if u is a solution of (1), then uλ is also a solution
(1) (with appropriate scaled initial data aλ0).

(b) Recall that the Lp-norm is defined by

‖u(·, t)‖Lp(Rn) =

(∫
Rn

|u(x, t)|pdx
) 1

p

, p ∈ [1,∞).

For β found in a), find p so that if u is a solution of (1) then

‖u(·, λ2t)‖Lp(Rn) = ‖uλ(·, t)‖Lp(Rn)

for all λ > 0 and for all t > 0.
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Question 6: Let us denote R2
+ = R× (0,∞) and B+

1 = B1 ∩R2
+, where B1 is the unit ball in R2.

Assume that u = u(x, y, t) is a smooth function defined on B1
+ × [0, 1] and satisfying

ut − yα[uxx + uyy] + uy + u ≤ 0 for (x, y) ∈ B+
1 and t ∈ (0, 1),

where α > 0 is a given number. Assume that u(x, y, 0) ≤ 0, and that u ≤ 0 on (∂B1 ∩R2
+)× (0, 1),

where ∂B1 denotes the boundary of B1. Prove that

u ≤ 0 on B
+
1 × [0, 1].

Note: We are not given any information on the boundary data on the part of the boundary where
y = 0.

Question 7: Let u1(x) and u2(x) be smooth functions whose supports are in the unit ball B1 ⊂ Rn.
For each x0 ∈ Rn and each t0 > 0, let C(x0, t0) be the cone defined by

C(x0, t0) = {(x, t) : 0 ≤ t ≤ t0, |x− x0| ≤ t0 − t}.

Assume that u ∈ C2 is the solution of the equation

utt −∆u = 0 in Rn × (0,∞)

with given initial data u(x, 0) = u1(x) and ut(x, 0) = u2(x).

Give the proof for the finite propagation speed result for the wave equation, namely u = 0 on
C(x0, t0) for all x0 ∈ Rn with |x0| > 1 and t0 = |x0| − 1.

Question 8: Let u be a smooth solution of the equation

utt −∆u = f on R3 × (0,∞)

with u(·, 0) = ut(·, 0) = 0. Also, let v be a smooth solution of the equation

vtt −∆v = g on R3 × (0,∞)

with v(·, 0) = vt(·, 0) = 0. Assume that |f |2 ≤ g. Prove that 2u(x, t)2 ≤ t2v(x, t) for all x ∈ R3 and
t > 0.



PDE Prelim Exam, Fall 2019

Question 1: Solve the Cauchy problem{
xux − yuy = u− y, x > 0, y > 0,
u(y2, y) = y, y > 0.

Question 2: Let a,R be positive numbers and consider the equation
ut + aux = f(x, t), 0 < x < R, t > 0,
u(0, t) = 0, t > 0,
u(x, 0) = 0, 0 < x < R.

Prove that for each solution u(x, t) ∈ C1((0, R)× (0,∞)) we have∫ R

0
u2(x, t)dx ≤ et

∫ t

0

∫ R

0
f2(x, s)dxds, ∀ t > 0.

Question 3: Let r > 0 and let f, g be continuous functions defined on Br(0). Let u be in
C2(Br(0)) ∩ C(Br(0)) be the solution of the equation{

−∆u = f, Br(0),
u = g, ∂Br(0).

Prove that

u(0) = −
∫
∂Br(0)

g(x)dS(x) +
1

n(n− 2)α(n)

∫
Br(0)

[
1

|x|n−2
− 1

rn−2

]
f(x)dx.

Hint: Consider

φ(s) = −
∫
∂Bs(0)

u(y)dS, 0 < s ≤ r.

Compute φ′(s) and then find φ(0).

Question 4: Let R > 0 and we denote BR the ball of radius R centered at the origin in Rn.
Let c, f be continuous functions on BR. Assume that c ≤ 0 on BR, and also assume that
u ∈ C2(BR) ∩ C(BR) satsifies {

∆u+ cu = f in BR,
u = 0 on ∂BR.

Prove that

sup
BR

|u| ≤ R2

2n
sup
BR

|f |

Hint: Let A = supBR
|f | and

v(x) =
AR2

2n
(R2 − |x|2)

Use the maximum principle to prove that |u(x)| ≤ v(x) on BR.

Question 5: Let u0 be the smooth and compactly supported function defined on Rn. Assume
that u is a solution of the Cauchy problem{

ut −∆u = 0 in Rn × (0,∞)
u(x, 0) = u0(x) x ∈ Rn.
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Let p, q ∈ (1,∞) with p ≥ q and consider the inequality

‖u(·, t)‖Lp(Rn) ≤
N

tα
‖u0‖Lq(Rn), t > 0

with N = N(n, p, q) and α = α(n, p, q), where we denote

‖u(·, t)‖Lp(Rn) =

(∫
Rn

|u(x, t)|pdx
) 1

p

and similar notation is also used for ‖u0‖Lq(Rn).

Use the scaling property of the heat equation to find the number α (certainly, show all of the work).

Question 6: Assume that u is a smooth, bounded solution of the equation
ut −∆u = u(1− u) in B1 × (0, 1]

u = 0 on ∂B1 × (0, 1]
u = 1

2 on B1 × {0}.

Prove that 0 ≤ u ≤ 1.

Question 7: Let ϕ be a smooth, compactly supported function on R2. Assume that u is a
smooth solution of 

utt −∆u = 0 in R2 × (0,∞),
u(·, 0) = 0 on R2,
ut(·, 0) = ϕ on R2.

Prove that

|u(x, t)| ≤ 1

2
√
t

(
‖ϕ‖L1(R2) + ‖∇ϕ‖L1(R2)

)
, ∀ t > 1.

Question 8: Assume that u ∈ C2(Rn × [0,∞)) is a solution of the wave equation

utt = ∆u in Rn × (0,∞).

Let

E(t) =
1

2

∫
B1−t

[
|ut(x, t)|2 + |∇u(x, t)|2

]
dx for t ∈ (0, 1),

where ∇u = (ux1 , ux2 , · · · , uxn) and Br denotes the ball in Rn with radius r > 0 and centered at
the origin.
(a) Prove that

E′(t) =

∫
B1−t

[
ut(x, t)utt(x, t) +

n∑
i=1

uxiuxit

]
dx

− 1

2

∫
∂B1−t

[
u2t (x, t) + |∇u(x, t)|2

]
dS(x).

(b) Use the note that [
uxiut

]
xi

= uxiuxit + uxixiutt.

to prove that E′(t) ≤ 0. Then, conclude also that u = 0 on {(x, t) : |x| ≤ 1− t, 0 ≤ t ≤ 1} if
u(x, 0) = ut(x, 0) = 0 for x ∈ B1.
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PDE Preliminary Exam, August 2017

1. For a given continuous function f , solve the initial-boundary value problem
ut + (x+ 1)2ux = x, for x > 0, t > 0

u(x, 0) = f(x), x > 0

u(0, t) = −1 + t, t > 0.

Find a condition on f so that the solution u(x, t) is continuous on the first quadrant
of R2, i.e. the region {(x, t) ∈ R2 : x > 0, t > 0}.

2. Determine an integral (weak) solution to the Burger’s equation

ut + (
1

2
u2)x = 0, (x, t) ∈ R× (0,∞)

with initial data

u(x, 0) =


1 if x < 0

1− x if 0 < x < 1

0 if x > 1.

3. Let n ≥ 2, and let Ω ⊆ Rn be a bounded domain with C∞-smooth boundary. Suppose
p and q are non-negative continuous functions defined on Ω, satisfying p(x) + q(x) > 0
(strict inequality) for all x ∈ Ω. Find all functions u ∈ C2(Ω) satisfying{

4u = pu3 + qu on Ω,
∂u
∂n

= 0 on ∂Ω,

where n(x) is the outward unit normal to Ω at x ∈ ∂Ω.

4. Suppose u is harmonic on a C∞ domain Ω ⊆ Rn, and let u(x) = 0 for x 6∈ Ω. Suppose
ϕ is a C∞ function on Rn such that ϕ(x) = 0 if |x| ≥ 1, and ϕ is radial: there exists a
function ϕ0 : [0,∞)→ R such that ϕ(x) = ϕ0(|x|). For ε > 0, let

ϕε(x) =
1

εn
ϕ
(x
ε

)
.

Let

A =

∫
Rn

ϕ(x) dx.

Fix x0 ∈ Ω and let R > 0 be such that x ∈ Ω if |x − x0| < R. For 0 < ε < R, prove
that

ϕε ∗ u(x0) = Au(x0),

where ∗ denotes convolution: by definition, f ∗ g(x) =
∫
Rn f(x− y)g(y) dy.
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5. Suppose that b ∈ Rn, and β ∈ R are given. Consider the Cauchy problem

(*)

{
ut + b · ∇u+ βu = ∆u, in Rn × (0,∞)

u(x, 0) = f(x), on Rn.

(a) Determine a ∈ Rn and α ∈ R such that if u is a smooth solution to (∗), then
v(x, t) = e−(a·x+αt)u(x, t) solves the Cauchy problem{

vt = ∆v, in Rn × (0,∞)

v(x, 0) = e−
b
2
·xf(x), on Rn.

(b) Write down an explicit formula for a solution u(x, t) to (*).

6. Let Ω ⊂ Rn a bounded domain with smooth boundary, and T > 0. Denote the cylinder
ΩT = Ω× (0, T ] and its parabolic boundary ∂pΩT = (∂Ω× [0, T ]) ∪ (Ω× {0}).

(a) Prove the following version of the maximum principle. Suppose that u and v are
two functions in C2(ΩT ) such that

ut −∆u ≤ vt −∆v in ΩT

u ≤ v on ∂pΩT .

Then u ≤ v in ΩT .

(b) Suppose that f(x, t), u0(x) and φ(x, t) are continuous functions in their respective
domains. Let u ∈ C2(ΩT ) satisfy

ut −∆u = e−u − f(x, t), in ΩT

u|t=0 = u0, in Ω

u|∂Ω×(0,T ) = φ.

Let a = ‖f‖L∞ and b = sup{‖u0‖L∞ , ‖φ‖L∞}.

i. Show that −(aT + b) ≤ u(x, t), for all (x, t) ∈ ΩT .
Hint: Introduce v(x, t) = −(at+ b) and use part a).

ii. Prove u(x, t) ≤ T eaT+b + aT + b, for all (x, t) ∈ ΩT
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7. Suppose that f ∈ C2(R) is odd and 2−periodic (i.e. f(x + 2) = f(x) for all x ∈ R).
Let u ∈ C2([0, 1]× R) solve

utt − uxx = sin(πx) in (0, 1)× R
u(x, 0) = f(x), ut(x, 0) = 0, x ∈ [0, 1]

u(0, t) = 0 = u(1, t), t ∈ R.

(a) Prove uniqueness of the solution u ∈ C2([0, 1]× R).

(b) Find the solution u, and show that it satisfies u(x, t+2) = u(x, t), and u(x,−t) =
u(x, t) for all (x, t) ∈ [0, 1]× R.

8. Assume that Ω ⊂ Rn is open, bounded with C∞-smooth boundary ∂Ω. Let T > 0,
and denote ΩT = Ω × (0, T ]. Suppose also that f ∈ C1(Rn+2), φ, ψ ∈ C2(Ω), and
u ∈ C2(ΩT ) is a solution of

utt −∆u = f(u, ut,∇u), in ΩT

u = φ, ut = ψ, on Ω× {t = 0},
∂u

∂n
= 0, on ∂Ω× [0, T ].

Prove that u is unique.

Hint: You may use an energy function of the form

E(t) =
1

2

∫
Ω

(w2
t + |∇w|2 + w2)dx.


































































