
Math Ecology Prelim Exam, August 29, 2024

Show all of your work. Justify your answers.

Print Name

1. Solve this optimal control problem with a stock that can be reinvested to expand
capacity or sold for revenue. Find the optimal control and state and corresponding
adjoint function.

max

∫ T

0

(1− u)x dt

x′ = ux x(0) = x0 > 0

The control u(t) represents the fraction of stock to be reinvested (per time).

2. Determine the asymptotic sex ratio for the female-male model with F as the number
of females and M as the number of males:
dF
dt

= −µfF + bf
√
FM

dM
dt

= −µmM + bm
√
FM

Consider changing variables to R2(t) = F (t) and S2(t) = M(t). State any needed
assumptions. Note that µf , µm, bf , bm are positive constants.

3. Consider the following delayed logistic equation in which the delay T appears in
the intrinsic growth rate.

xt+1 = rxt−T (1− xt), r > 0.

(a) Compute the equilibria and determine the linearization around the non-zero
equilibrium.

(b) Derive a characteristic equation for the non-zero equilibrium, expressed as r =
g(λ) for some function g.

(c) For delay T = 1, determine under what conditions the nonzero equilibrium is
unstable.

4. Consider this nonlinear PDE for a population with x ∈ R and t ≥ 0:

ut = Duxx + f(u)

with D positive. Derive the necessary conditions and state the assumptions for
the general function f so that a traveling wave solution connecting (1, 0) and (0, 0)
exists. Find the minimal wave speed.
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5. A Leslie matrix for an age-structure model is given by

L =

0 3a2

2
3a3

2
1
2

0 0
0 1

3
0


with a > 0.

a. Interpret the terms of the matrix.

b. Find the eigenvalues and determine the dominant eigenvalue and its eigenvector.

c. Determine the stable age distribution.

d. Show that Lk is a positive matrix for some k.

6. Consider the following model with one space dimension for a coastal population.
Derive the general solution, and explain any results about minimal patch size for
this model.
∂n
∂t

= rn+D ∂2n
∂x2 on 0 < x < L and 0 < t.

n(0, t) = 0 for t > 0
∂n
∂x

(L, t) = 0 for t > 0

n(x, 0) = f(x) for 0 < x < L .
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7. Consider a birth and death process for a population whose fecundity increases
with population size. We will model only females and assume that males are non-
limiting. Assume that this process has the following attributes:

• All individuals act independently of each other and the probability of two or
more births/deaths happening in a small time interval (t, t+ ∆t] is o(∆t).

• The probability of any given female dying within a time period (t, t + ∆t] is
µ∆t+ o(∆t).

• The probability of any given female giving birth to one new female within a
time period (t, t + ∆t] is similar, β∆t + o(∆t), but the birth rate β is a function
of the current female population. If there is one female, the birth rate is β0. If
there is more than one female, we add a small γ > 0 to β for each additional
female. In other words, for n females, β = β0 + γ(n− 1).

(a) Using transition probabilities for this process, derive a system of differential
equations that describes how the probability of having n females, pn(t), evolves
with time. Include an initial condition that assumes we start with n0 females at
time t = 0.

(b) Derive a PDE for the probability generating function along with appropriate
initial condition.

8. Construct a Lotka-Volterra predator-prey model with the same harvest rate on both
the predator and prey. Then answer the following:

a. Nondimensionalize the model.

b. Find all equilibrium points and determine their stability.

c. According to your results, what happens to the relative abundance of predators
and prey as harvest decreases? Explain why such a result is counterintuitive.
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Math Ecology Preliminary Exam, January 2024

No calculators, laptops, books or notes allowed. Work as many of the following problems
as you are able. Be sure to respond to each part of each question and show all of your work.
Quality counts more than quantity. Justify your answers.

Each problem is worth 10 points.

1. The Leslie matrix for an insect population is

 0 20 0
0.1 0 0
0 0.2 0

 .

The age classes are 0 - 1 weeks, 2-3 weeks, and 4-5 weeks. Notice that the time step here
is 2 weeks.

(a) Explain the meaning of each element in this matrix.

(b) Find the long term growth rate of the population. Is the population growing or
declining?

(c) Find the long term population structure. What proportion of the population is be-
tween 2 and 3 weeks old when the population is at an equilibrium proportion structure?

2. Explain each term in the PDE model below. Give an example of a possible biological
population that might be represented this way.

ut = uxx + uyy + bux + ru(1− u

K
), for x, y ∈ (0, 1)× (0, 1) and 0 < t

u(x, y, 0) = f(x, y) on (0, 1)× (0, 1) with 0 = t

u(0, y, t) = 0 on {0} × (0, 1) with 0 < t

u(x, 0, t) = 0 on (0, 1)× {0} with 0 < t

u(1, y, t) = 0 on {1} × (0, 1) with 0 < t

u(x, 1, t) = 0 on (0, 1)× {1} with 0 < t

Assume b, r, and K are positive constants, and the function f is non-negative.
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3. Consider a different version of the lagged logistic equation difference equation (with delay
T = 1) than the one we discussed in class:

Nt+1 =

[
1 + r

(
1− Nt

K

)]
Nt−1.

Assume r,K > 0. Explain what this equation models compared with the situation where
the lag is in the carrying capacity term instead. For the above equation, describe the
local behavior of solutions nearby each equilibrium including information about stability,
oscillations, and bifurcations (if any). What does this tell you about populations that
exhibit behavior as modeled by this equation?

4. For the discrete-time Nicholson-Bailey model of host-parasitoid interactions, something
similar to a linear birth process can be used to derive the per-host probability of para-
sitization in a given time step. Let pn(t) be the probability that a given host has been
found by a parasitoid n times by time t, and assume that the probability of an encounter
in some small ∆t is equal to µ∆t where µ is constant.

(a) Assuming that n = 0 at time t = 0, derive a system of ODEs for dpn
dt

and solve for
the probabilities pn(t).

(b) State the probability that the host escapes being parasitized at time t = 1 as a
function of µ.

5. The following system has a (real number) as a parameter.

dx

dt
= −y + ax(x2 + y2)

dy

dt
= x+ ay(x2 + y2)

Investigate the stability and trajectory behavior of this system near (0,0).

6. Write down a linear age-structured model for the number of female births of a fictitious
zoo animal as a function of time assuming the following demographics:

� The zoo starts with three age-18 females, as well as several males.

� These animals reach sexual maturity at age 6 and are reproductive until age 20.

� The year-to-year survival probability is independent of age and equal to 0.97.
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� Females give birth to, on average, 0.04 females per year before the age of 15 and 0.02
females per year from the age of 15 to 20.

7. Derive the formula for the solution to the problem below using the heat kernel represen-
tation and a reflection of the function f . Verify that the boundary condition at x = 0 is
satisfied.

ut = uxx on 0 < x and 0 < t

u(x, 0) = f(x) for 0 < x

ux(0, t) = 0 for 0 < t.

8. Consider the optimal control problem when the control is increasing the population,

max
u

x(4)−
∫ 4

0

u2(t)dt

subject to x′(t) = x(t) + u(t), x(0) = 0,

0 ≤ u(t) ≤ 5.

Determine the optimal control, state, and adjoint.
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Math Ecology Preliminary Exam, AUGUST 2021

No calculators, laptops, books or notes allowed. Work as many of the following problems as you
are able. Be sure to respond to each part of each question and show all of your work. Quality
counts more than quantity. Justify your answers. Each question is worth 10 points.

1. Consider the following delayed logistic equation in which the delay T appears in the
intrinsic growth rate.

xt+1 = rxt−T (1− xt), r > 0.

(a) Compute the equilibria and determine the linearization around the non-zero equilib-
rium.

(b) Derive a characteristic equation for the non-zero equilibrium, expressed as r = g(λ)
for some function g.

(c) For delay T = 1, determine under what conditions the nonzero equilibrium is unstable.

2. Consider the following 1D spatial model for a coastal population with emigration:

∂n

∂t
= rn+D

∂2n

∂x2

n(0, t) = 0

∂n

∂x
(L, t) = 0

n(x, 0) = n0(x).

Find the general solution to this problem and solve for the critical patch size.

3. Consider a theoretical population in which only half of all individuals born survive to age
1, but then there is negligible mortality afterward. Females age 1 do not give birth, but
on average, age 2 females give birth to 4 other females and age 3 females give birth to 2
other females. Older females do not give birth.

(a) Using a difference equation approach, determine if the number of births will grow or
decay over the long run for an arbitrary, nontrivial population of founder females.

(b) Assuming that the dominant eigenvalue in part (a) is a positive, real number less than
2, use sensitivity analysis to determine which of the three parameters (survivorship to
age 1+, maternity rate at age 2, or maternity rate at age 3) has the greatest effect on
the asymptotic, geometric growth rate of the population.
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4. Suppose the distribution of male offspring in a population is given by the following prob-
abilities

p0 = 1/2

pn =
1

5

(
3

5

)n−1

, for n = 1, 2, . . . .

(a) Derive the probability generating function for the number of male offspring from one
male.

(b) Compute the asymptotic extinction probability.

5. Suppose an industry regularly inputs waste in an area and the differential equation of the
contaminant level is given by the following differential equation, with control u.
x′(t) = x(t) + 1− u(t)x(t) with 0 ≤ u(t) ≤ 3 and x(0) = 0.

Solve this optimal control problem with T > 2 ln(2):

min
u

∫ T

0

[x(t) + u(t)]dt

6. Consider this model of rabies in foxes with positive constants r,D, a.

∂S

∂t
= −rSI

∂I

∂t
= rSI − aI +D

∂2I

∂x2

(a ) Change variables to nondimensionalize this system.

(b ) Using a traveling wave solution on your system from part (a) with z = x − ct and
positive speed c, and with

S(∞) = 1 and I(∞) = 0

S ′(∞) = 0 and I(−∞) = 0,

determine the fraction of the original susceptible population that survives the epi-
zoonotic wave.
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(c ) Find the minimum wave speed and give the corresponding needed assumptions.

7. A fish population, which would otherwise undergo logistic growth, is being harvested. The
number of fish, N , can be described by the model

dN

dt
= rN

(
1− N

K

)
− HN

A+N
,

where r > 0, K > 0, A > 0, and H ≥ 0.

(a) Describe how the harvesting term, HN
A+N

, depends on the population size N . Give a
biological interpretation of the parameter A.

(b) A change of variables leads to the following nondimensional form

dx

dτ
= x(1− x)− hx

a+ x
.

Investigate equilibria depending on the values of a and h and determine the stability
of those equilibria.

(c) Sketch the boundaries between regions in the (a, h)-plane for which there are different
numbers of equilibria, or different stability of equilibria.

8. Construct a predator-prey model to answer the following question: How can a decrease
in harvesting lead to an increase in the relative abundance of predators but a decrease
in the relative abundance of prey? Explain why such a result is counter-intuitive, carry
out analysis of your model, use this to justify how the model you constructed assists in
analyzing the question.
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Math Ecology Preliminary Exam, AUGUST 2020

No calculators, laptops, books or notes allowed. Work as many of the following problems
as you are able. Be sure to respond to each part of each question and show all of your work.
Quality counts more than quantity. Justify your answers.

Problems 1 - 7 are worth 10 points each, and problems 8 and 9 are worth 5 points each.

1. Describe what types of density dependence features might occur in population models.
What are the biological or mathematical reasons why these features would possibly be
included? Give examples of such models which feature some aspect of density dependence.
In these examples, include at least one example in which density dependence would enhance
the population and one in which density dependence lowers the population size.

2. Consider this two-sex model for females F and males M :

dF

dt
= −µfF + bfΛ(F,M)

dM

dt
= −µmM + bmΛ(F,M),

with positive constants µf , µg, bf , bm.

a. Suppose the reproduction function Λ(F,M) = F . Explain a biological situation for
which this choice may be reasonable. Solve for the sex ratio as t → ∞. Give any needed
assumptions.

b. Suppose the reproduction function Λ(F,M) = FM , M(0) = F (0),
and µf = µg, bf = bm. Describe the stability of the resulting populations. Give any needed
assumptions.

3. Suppose for a population of females, the number of females born on average to a female
of age a is
ma = m for a ≥ 3 (with m being a known positive constant) and ma = 0 for a < 3.

The fraction of females surviving from birth to age a is la with l3 being a known positive
constant and
P = la+1

la
for a ≥ 3.

a. Find the corresponding Euler-Lotka equation.

b. Assume the dominant root is λ0, find the sensitivity of λ0 with respect to P in terms
of λ0, l3,m and P .
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4. Derive the explicit solution of this age-structured PDE with 0 < a <∞ and t > 0.
∂n(a,t)

∂t
+ ∂n(a,t)

∂a
= −µ(a, t)n(a, t)

with µ(a, t) as a non-negative per capita mortality rate.

Suppose n(0, t) =
∫ ω

0
n(a, t)m(a, t)da with m as a non-negative maternity function.

The initial age distribution is n(a, 0) = n0(a).

5. Let p(x, t) denote the proportional density of the population carrying allele A located at
location x and time t and satisfies
∂p(x,t)

∂t
= D ∂2p(x,t)

∂x2 + rp(x, t)(1− p(x, t))

with −∞ < x < ∞ and t > 0 and with positive constants D, r. Derive the minimum
wave speed for a traveling wave solution with z = x − ct with p(z) → 1 as z → −∞ and
p(z)→ 0 as z →∞.

6. Consider a branching process for a species that undergoes alternating “good” and “bad”
years for reproduction. In a good year, an individual has the following probability mass
function for the number of offspring:

pg,0 = 0.2, pg,1 = 0.2, pg,2 = 0.4, pg,3 = 0.2

and in a bad year, the probability mass function is:

pb,0 = 0.5, pb,1 = 0.3, pb,2 = 0.1, pb,3 = 0.1.

Assume the population starts on a good year. Derive an expression for the expected growth
rate of this population after t years. Is the population expected to grow or decay?

7. Solve this optimal control problem for a fish harvest model.

max
E

[N(T )

2
+

∫ T

0

E(t)N(t)dt
]

with any control E satisfying 0 ≤ E(t) ≤ 1,

N ′ = N − EN

and N(0) = 1000. Solve for the optimal control, state, and adjoint explicitly.
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8. For the following discrete-time model for spread of a disease, describe the key assumptions
and interpret each of the terms on the right hand side of each equation. In the model, B
is the number in the newborn class, SA the number of susceptible adults, IA number of
infected adults and R the number of recovered adults. Assume the rates satisfy, 0 < dB <
1, 0 < dA < 1, 0 < γ < 1 and 0 < µB < 1 and the other parameters are positive. Also
A(t) = SA(t) + IA(t) +R(t).

B
(
t+ 1

)
= B

(
t
)(

1− dB
)(

1− µB

)
+

bAK

K + A
(
t
)A(t)

SA(t+ 1) = [SA

(
t
)(

1− dA
)

+B(t)(1− dB)µB] exp
(
− βAIA

(
t
))

IA(t+1) = IA
(
t
)(

1−dA
)(

1−γ
)

+[SA

(
t
)(

1−dA
)

+B(t)(1−dB)µB]

[
1−exp

(
−βAIA

(
t
))]

R(t+ 1) = R
(
t
)(

1− dA
)

+ γIA
(
t
)(

1− dA
)

9. Consider this model with s, b, c positive constants and 0 < a < 1

[
xt+1

yt+1

]
=

[
ac bc

s(1− a) 0

] [
xt
yt

]
.

a. Determine conditions (if any) for which there are infinitely many equilibrium points.

b. For conditions on the parameters for which a single equilibrium exists, determine
conditions on the parameters that ensure that all solutions converge to that equilibrium
point as t→∞.
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